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Abstract
We explore 6-dimensional compactifications of F-theory exhibiting (2, 0) superconformal
theories coupled to gravity that include discretely charged superconformal matter. Be-
ginning with F-theory geometries with Abelian gauge fields and superconformal sectors,
we provide examples of Higgsing transitions which break the U(1) gauge symmetry to a
discrete remnant in which the matter fields are also non-trivially coupled to a (2, 0) SCFT.
In the compactification background this corresponds to a geometric transition linking two
fibered Calabi-Yau geometries defined over a singular base complex surface. An ellipti-
cally fibered Calabi-Yau threefold with non-zero Mordell-Weil rank can be connected to
a smooth non-simply connected genus one fibered geometry constructed as a Calabi-Yau
quotient. These hyperconifold transitions exhibit multiple fibers in co-dimension 2 over
the base.
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1 Introduction
Superconformal theories (SCFTs) in various dimensions have been the subject of intense and
recent interest. In particular, the study of (1, 0) and (2, 0) SCFTs as they arise in F-theory
in 6-dimensions has proven to be a rich arena in which to characterize, explore and in some
cases classify [1–3], possible theories. Furthermore, these 6-dimensional theories provide higher-
dimensional insight into many lower dimensional theories via compactification.
While recent investigations have explored in detail the structure of so-called non-Abelian
“superconformal matter" [2] in F-theory, comparatively less work has been dedicated to investi-
gating possible Abelian sectors and associated discrete symmetries. It is a goal of this work to
take some initial steps in this direction by considering collections of F-theory vacua exhibiting
superconformal structure, Abelian gauge symmetries and on certain branches in the vacuum
space, discrete symmetries. Indeed, in the spirit of [5] we will explore 6-dimensional super-
conformal theories coupled to gravity, in this case leading to non-trivial, discretely charged
superconformal matter. In particular, we will provide examples of F-theory compactifications
in which the structure of the global, compact Calabi-Yau (CY) threefold enforces the existence
of discretely charged superconformal matter.
To accomplish this goal, we must explore discrete symmetries as they arise in the back-
ground geometry of F-theory compactifications themselves. It is well known that in string
compactifications, such geometric symmetries can also frequently lead to discrete symmetries
in the associated physical effective theories. As we will outline in subsequent sections, there
are two primary origins for such discrete symmetries in F-theory geometry. The first origin is
through genus one fibered Calabi-Yau geometries which admit multi-sections only and hence are
linked to a discrete symmetry manifested geometrically via a non-trivial Tate-Shafarevich (TS)
group [6–10] (or more generally a discrete symmetry linking a set of Calabi-Yau torsors [11]).
The second origin is through discrete automorphisms of the full Calabi-Yau compactification
geometry itself (see [5] for examples of singular geometries of this type in F-theory, in the fol-
lowing Sections we will also explore smooth CY geometries admitting such automorphisms1).
The second of these possibilities will prove to lead to many examples of novel and previously
unexplored effective theories and it will be the primary focus of this work to explore the F-
theory effective physics of such compactifications. Furthermore, as we will argue below, the two
geometric origins for discrete symmetries are intrinsically linked. In particular, in all known
cases of smooth fibered CY geometries quotiented by a free discrete automorphism, it has been
observed that they are in fact genus one fibered, with multi-sections of order n > 1 [12] only.
It will prove useful in investigating these discrete symmetries to begin with their unbroken,
Abelian origin. As was done in the case of CY geometries with multi-sections [8, 10, 13], the
simplest window into the effective physics arises from considering Higgsing transitions in which
Abelian gauge symmetries are broken to discrete subgroups via giving vevs to certain charged
matter fields. This Higgsing transition is related in the compactification background to a
geometric (i.e. conifold-type) transition linking an elliptically fibered Calabi-Yau manifold
with non-trivial Mordell-Weil (MW) group to a genus one fibered manifold with a multi-section
1It should be noted that there exist many genus one fibered CY geometries admitting such discrete auto-
morphisms. A first step towards a database of such geometries will be appearing soon [14–18].
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only. In this work, the same Higgsing transitions will arise, but here we will consider the new
scenario in which certain U(1) charged matter fields lie on curves in the base that are shrinkable
to orbifold singularities. Those singular points correspond to superconformal matter charged
under the Abelian symmetry which can be Higgsed to a discrete remnant.
Such transitions will be illustrated in detail in subsequent sections, but before we begin, it is
worth observing a few facts about the global CY geometries that will lead to discretely charged
superconformal matter. Although Calabi-Yau manifolds admit no continuous isometries, it is
well known that they do admit freely acting, discrete automorphisms and we will explore nu-
merous examples of such symmetries in the following sections. Unlike previous work [19], we
will consider not just isometries of the base to the genus one fibered F-theory compactification
geometry, but rather symmetries which extend non-trivially to the full Calabi-Yau threefold.
These manifolds might be expected to intrinsically manifest a discrete symmetry in their as-
sociated effective theories via the fact that they are non-simply connected with a discrete first
fundamental group.
A standard approach in the literature to build non-simply connected CY geometries is to
quotient a simply connected CY manifold by a freely acting discrete symmetry. Let Γ be a
discrete, freely acting automorphism of a smooth, simply connected Calabi-Yau threefold X.
Then the quotient X˜ = X/Γ is also a smooth CY threefold with a nontrivial first fundamental
group, pi1(X) = Γ, if the symmetry in question is manifest for a sufficiently general complex
structure. The fact that the quotient manifold X˜ remains2 Calabi-Yau [20] follows from the
fact that the canonical divisor is invariant under the action of the group and is preserved with
hj,0(X˜) = 0, 0 < j < 3. Since X is simply connected, it follows that pi1(X˜) = Γ. Studies of
such quotient CY manifolds are numerous in the literature see for example [21], with careful
classifications occurring in [22] (quotients of complete intersection manifolds in products of
simple projective spaces) and in [23] (which characterized the 16 CY 3-folds constructed as
toric hypersurfaces [24] which exhibit non-trivial fundamental group). Such geometries have
played an important role in heterotic model building (see [12,25,40] as well as [26–28] for recent
examples), but have not yet been fully explored in F-theory.
To employ CY quotient geometries in F-theory compactifications, it is necessary that X˜
admits a genus one fibration. One way to guarantee such a fibration p˜i : X˜ → B˜ is to require
that X itself is either elliptically or genus one fibered over a base B (pi : X → B) and that
the discrete automorphism Γ preserves the fibration structure. Examples of “upstairs" fibered
geometries, X, exhibiting appropriate discrete automorphisms leading to fibered “downstairs"
geometries X˜, will be studied in detail in the following sections.
For now, we will begin by noting that CY quotient geometries appear to exhibit an inter-
esting and interlinking set of geometric features. Our goal will be to characterize these features
and try to understand their impact of the associated 6-dimensional effective physics of F-theory
over such backgrounds. In this context of quotient CY threefolds, novel geometrical properties
that can arise include:
• The smooth manifold X˜ is non-simply connected (i.e. has a non-trivial fundamental
group, pi1(X˜) 6= 0).
2Note that this property does not hold for quotients of CY manifolds of even (complex) dimension which in
general lead to Ind(OX˜) 6= 0 (for example, the Enriques quotient of K3).
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• The quotient exhibits torsion in homology. In general for a CY 3-fold, X, non-trivial
torsion can appear in the form of finite Abelian groups A(X) = Tors(H2(X,Z)) and
B(X) = Tors(H3(X,Z)). The latter group, B(X) (the cohomological Brauer group) is
known to play a role in generating discrete gauge groups, Zk, in 5-dimensional compacti-
fications of M-theory [9]. In general, for CY quotient geometries A(X˜) 6= 0 while B(X˜)
may or may not be trivial.
• Discrete automorphisms Γ which preserve the fibration structure of X under quotienting
(leading to a genus one fibered threefold X˜) induce actions on the fiber and base of X
respectively. In general, although Γ is fixed point free, the induced action ΓB will exhibit
fixed points, leading to fibrations over generically singular base geometries p˜i : X˜ → B˜.
• Such orbifold-type singularities in the base geometry have been demonstrated to lead
to superconformal theories (SCFTs) coupled to gravity in the associated 6-dimensional
theories. Singular base surfaces and their associated “superconformal matter" have been
studied in [5, 29].
• Since X˜ is a smooth fibration over a singular base manifold, the fibers of X˜ over the fixed
points in B˜ must necessarily differ dramatically from those of a Weierstrass model. As
we will see below, in many cases the action will give multiple fibers over co-dimension
2 points in B˜; the multiple fibers were also classified by Kodaira [30]. A singular fiber
Ep =
∑
niEi is multiple if the greater common divisor of the {ni} is non trivial, that
is Es = mE ′s, where E ′s is an effective (reduced) curve; Es is singular (non-reduced). In
this work E ′s is a smooth genus one curve. Multiple fibers have already appeared in the
F-theory context [4, 11], where similar quotients of elliptically fibered geometries have
been considered.
• Finally, note that the existence of multiple fibers prohibits the existence of a section to
the fibration p˜i : X˜ → B˜. As a result, any smooth CY quotient over a singular base
surface, must admit at best a multi-section of order n. Such geometries are well-known to
lead to discrete symmetries in the associated 6-dimensional compactifications of F-theory.
This raises the interesting question, how are the discrete symmetries associated to the
multi-section and CY torsors (i.e. the symmetries linking the set of CY fibrations that
share the same Jacobian, J(X)) related to those associated to pi1(X) and the torsion
described above?
In the following sections we will explore the links between these geometric features and their
associated F-theory physics. The main approach in that exploration is to tune in a section
on the quotient geometry X̂ resulting in Γ fixed points to collide with the CY hypersurface.
Those singular points correspond to Lens spaces upon resolution to a fibration that is smooth
and simply connected. Physically, those phases correspond to the tensor branches of the su-
perconformal theories including Abelian and possible non-Abelian gauge enhancements which
we provide in a number of explicit examples.
The structure of this work is as follows. In Section 2 we begin by outlining the effective,
6-dimensional physics of F-theory with discretely charged superconformal matter. In Section 3
4
we provide an overview of the main components of this work, including the explicit Calabi-Yau
manifolds underlying these constructions. It should be noted that in order to make this work
relatively self-contained, Sections 3.1 to 3.4 provide a brief review of the main ingredients of
our discussion – CY quotient geometries, hyperconifold transitions, the F-theory physics of
multi-section geometries, and superconformal points. The reader familiar with these topics can
skip directly to Section 3.5. Section 4 provides explicit examples/constructions, while Section
5 is a summary of our results. Assorted technical details are provided in the appendices.
2 Coupling Discrete Symmetries to Superconformal Theo-
ries
To begin, it is useful to consider the physical ingredients of interest – namely a 6-dimensional
SUGRA theory with a discrete symmetry coupled to a (2,0) SCFT subsector – in the simplest
possible set up. To realize this in an F-theory compactification, the most straightforward
possibility takes the form of a generic, singular Weierstrass model. We will begin with such
a geometry before describing the rich network of linked, compact, smooth (i.e. fully resolved)
threefolds giving rise to such physics in Sections 3 and 4.
In light of the recent classification of 6-dimensional SCFTs [1, 3] via F-theory, it is natural
to try to recouple those theories back to gravity (see e.g. [5]). In doing so, the superconformal
theory itself is of course lost (by the introduction of the 6-dimensional Planck scale), however
the SCFT can appear as a strongly coupled subsector with locally enhanced supersymmetry.
In terms of the F-theory geometry such a subsector can be understood as M5 branes probing
isolated C2/Γ singularities where Γ is a finite subgroup of U(2). Furthermore those models can
readily be coupled to additional ADE gauge groups by engineering a divisor in the base that
admits an ADE singularity in the F-theory fiber. Especially interesting are then the cases when
those divisors hit the singular point and therefore modify the SCFT.
The categorization of SCFTs within F-theory arises from a simple geometric interpretation
of the tensor branch of the theory via the resolution of singular points (by a chain of P1’s in
the base of an elliptically fibered CY threefold3). The power of F-theory lies in the automatic
identification of the ADE singularities in the elliptic fiber over the resolution P1’s that dictates
gauge groups and matter representations of the former (2,0) theory. After this transition, a
field theory description is available where all anomalies are canceled (via the Green-Schwarz
(GS) mechanisms). In this way one can relate the anomaly polynomial of the (2,0) SCFT with
that of the tensor branch [5, 31].
Due to the central role of anomalies in the classification of these theories, it is clear that they
are even more constrained when recoupled to gravity on a compact base where gravitational
anomalies must also be satisfied. This has been investigated in [5] by considering a singular base
complex surface (P2/Z3) coupled to SU(N) theories (realized by fiber singularities). It should
further be noted that parallel to the classification of SCFTs, significant progress on Abelian
(discrete) gauge symmetries has been made in global F-theory compactifications [6–10,13,32,33].
3In the following we will always assume that the (2,0) theory admits a tensor branch. Theories with terminal
singularities on the other hand have recently been considered in [34,35].
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Hence it is natural to ask if and how Abelian (discrete) symmetries can be linked to strongly
coupled (2,0) subsectors and we turn to this question now.
2.1 Discrete symmetries in Weierstrass models over a P2/Z3 base
To illustrate these ideas concretely, we will begin by considering the generic Weierstrass model
over a simple P2/Z3 base as in [5]. The base is given by the coordinates
(y0, y1, y2) ∈ P2/Z3 with (y0, y1, y2) ∼ (λy0,Γ3λy1,Γ23λy2) , (2.1)
where λ ∈ C∗ and Γ3 is a third root of unity. Clearly the discrete Γ3 action leads to three
codimension two singular fixed points located at
(y0, y1, y2) = (1, 0, 0) , (2.2)
where the underline denotes permutations and the C∗ scaling can be used to set the residual
coordinate to one. The most generic Weierstrass model on such a base has to have the form [5]
Y 2 = X3 + f12(y)X + g18(y) , (2.3)
with
f12 =
∑
l+m+n=12
= yl0y
m
1 y
n
2 fl,m,n , g18 =
∑
l+m+n
gl,m,ny
l
0y
m
1 y
n
2 , (2.4)
such that f and g are Z3 invariant sections. The complex structure coefficients in (2.4) can
be readily verified to give 95 parameters. Subtracting the three C∗ scalings results in 92 free
complex degrees of freedom.
This generic theory admits no gauge symmetry but admits three orbifold fixed points in the
base. The (2,0) theories hosted at the orbifold fixed points in this case are referred to as A2
theories (so-called as this is the type of geometry seen after blowing-up of the singular orbifold
base to a smooth dP6 surface).
Upon resolution of the singularities in the base, the resulting Weierstrass model over the
blown-up base stays smooth and there is no additional gauge symmetry. Physically we can think
of the contributions from the singular points as that coming from stacks of three coincident
M5 branes minus a free (2,0) tensor [5]. Thus this actually contributes to the anomaly as two
free (2,0) tensors. As a result, the only remaining anomalies that must be checked are the
gravitational ones, given as
grav4 : H − V + 29T + 30ns − 273 = 0 , (2.5)
(grav2)2 : 9− T − ns − (K−1b )2 = 0 , (2.6)
where as usual H,V and T refer to the number of hyper, vector and tensor multiplets and ns
denotes the multiplicity of (2,0) tensors (each of which can be thought of as a (1, 0) tensor and
neutral hyper and in our example there are ns = 3×2 of these). K−1b refers to the anticanonical
class of the base complex surface. Note that we do not have any (1, 0) tensor multiplets in this
6
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Figure 1: Intersections of toric base divisors for a P2/Z3 base, before and after blow-up.
Singular points and their blow-up divisors are highlighted in red.
geometry since T = h1,1(B) − 1. Nor do we have any vector multiplets. After the inclusion
of the universal hypermultiplet, it follows that H = 93 so that the first anomaly is solved.
Furthermore, the reducible gravitational anomaly is canceled by noting that
K−1b = 3Hb and (K
−1
b )
2 = 3 , (2.7)
on the quotient geometry.
As described above, moving to the tensor branch of the (2, 0) theory amounts to resolving
the three fixed points of the singular base variety. Each singularity requires the addition of two
P1s and hence yields a smooth (non generic) dP6 base as depicted in Figure 2. For this new
phase of the theory (equivalently geometry) we have ns = 0 and T = 6 as well as 99 neutral
hypermultiplets to cancel all anomalies.
2.2 Tuning discrete symmetries: multi-section geometries
With this generic Weierstrass model in hand, it is now possible to consider the addition of a
discrete symmetry and to ask how it can be coupled to the (2, 0) theory. Engineering discrete
symmetries is a priori possible by considering genus one fibrations with multi-sections and we
review the basic geometry briefly here.
Discrete symmetries in F-theory can be associated to sets of genus one fibrations that share a
common Jacobian. Thus, there exist collections of linked CY geometries – more precisely, n−1
equivalent genus one fibrations that have no section but only n-sections. Those geometries can
be collected together to elements of the Tate-Shafarevich (or more generally the Weil-Chaˆtelet
group of CY torsors [11]). Each element of the group is a genus one fibration with the same
axio-dilaton profile τ as in the Jacobian threefold and therefore describes equivalent F-theory
physics. However in the dual 5-dimensional M-theory compactifications over the same CY
geometries, each background can be distinguished by n different discrete choices of three-form
flux, C3 (where the Jacobian CY threefold with fiber Jac(C) denotes the trivial choice).
The key to understanding the physical relationship between the collection of CY geometries
lies in the charged matter visible in the geometry with a section. It is this background where the
physical theory is most easily determined. The Weierstrass model of the corresponding Jacobian
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admits codimension two non-crepant resolvable singular I2 fibers where matter charged under
a discrete remnant of a broken U(1) is localized. In the physical theory, a geometric transition
between the geometry with enhanced Mordell-Weil group and those with multi-sections arises
via a Higgsing transition in which a non-minimally charged hypermultiplet, 1n, acquires a vev
and breaks a U(1) symmetry to a discrete subgroup.
The Jacobian Weierstrass models which can connect the theories with Abelian gauge sym-
metry and those with discrete gauge groups come in a highly specialized form, as one can see
from the Weierstrass coefficients f and g given for three relevant cases in Appendix D. From
the point of view of a generic Weierstrass model over a given base, these Jacobians take the
form of a tuned point in complex structure moduli space. For concreteness, we will illustrate
these ideas here with the tuning of a discrete Z3 symmetry corresponding to the Jacobian of a
geometry in which the fiber is a cubic in P2, giving rise to a multi-section of order 3. Such a
fiber is given by the vanishing polynomial
p = s1x
3
0 + s2x
2
0x1 + s3x0x
2
1 + s4x
3
1 + s5x
2
0x2 + s6x0x1x2 + s7x
2
1x2 + s8x0x
2
2 + s9x1x
2
2 + s10x
3
2 ,
(2.8)
where si are functions of the base coordinates.
For the case of such a cubic fiber, the Weierstrass coefficients f and g of the Jacobian can
be expressed in terms of the ten sections si of the base, given in Appendix D. Constructing this
model over the P2/Z3 base it is important to note, that only f and g have to be Z3 invariant
sections but the individual si do not need to be. We will return to this point in a moment,
but for now we begin by choosing the invariant combination for all sections that transform as
si ∈ K−1b . From the action given in (2.1) the si have to be of the form
sˆi = ai,1y
3
0 + ai,2y
3
1 + ai,3y
3
2 + biy0y1y2 . (2.9)
Hence there are 40 non-vanishing coefficients ai,j and bi. Subtracting the C∗ scaling of the base
for all ten sˆi, minus the one of the Weierstrass function yields 29 complex structure moduli.
Using the Weierstrass coefficients f and g the discriminant
∆ = 4f 3 + 27g2 , (2.10)
is a long non-factorized degree twelve polynomial in the sˆi and therefore no gauge enhancement
is present. By anomaly considerations alone, such a theory must contain 63 additional discrete
charged singlets counted by codimension two I2 singular fibers. Indeed, for this type of fibration,
the amount of discrete charged hypermultiplets has been computed [6] for a general base and
its multiplicity is given as
H11 : 3(6(K
−1
b )
2 − S27 + S7S9 − S29 +K−1b (S7 + S9))
S9=S7=K−1b= 63 . (2.11)
The S7 and S9 are the bases classes of their respective sections s7 and s9 in the Weierstrass form
and equivalent to the canonical class K−1b as stated before reproducing the correct number of
discretely charged fields.
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Up to this point we have tuned a Z3 gauge symmetry by choosing a special form of the
elliptic fiber over the P2/Z3 base, but we have not considered its impact on the three orbifold
(2,0) points. If the discrete gauge symmetry were associated to a particular divisor in the
geometry, we could simply check its intersection with the (2,0) points which would hint at a
possible modification of the A2 theory. However, such an understanding for a Z3 divisor is still
lacking4. Instead, we can try to explicitly check for any modification of the (2, 0) theory by
going onto the tensor branch and looking for additional gauge and matter degrees of freedom
over the resolution divisors Ei,j for i = 1..3 and j = 1, 2 defined by ei,j = 0.
The resolution of the orbifold fixed points in P2/Z3 yields a dP6 base surface and in such a
case the Weierstrass sections si given above are replaced by the generic four monomials in the
anticanonical class of dP6:
s´i = e2,1e
2
2,2e
2
3,1e3,2y
3
0ai,1 + e
2
1,1e1,2e3,1e
2
3,2y
3
1ai,2 + e1,1e
2
1,2e
2
2,1e2,2y
3
2 + e1,1e1,2e2,1e2,2e3,1e3,2y0y1y2bi
(2.12)
From the counting, we find the same 40 non-vanishing coefficients reduced by five C∗ scalings
which results in 35 complex structure coefficients, a counting we will reconfirm in the equivalent
genus one geometry in Appendix A.
Analyzing the discriminant ∆ over the blow-up loci ei,j = 0 reveals no codimension one
nor two singularities as the sections s´i are non-vanishing over any of the resolution divisors
above. On the other hand, there remains the unchanged relations of the base sections and their
intersections as
S7 = S9 = K−1b with (K−1b )2 = 3 . (2.13)
Thus, we find once again that all gravitational anomalies in Eq. (2.5) are canceled. Moreover
it is clear that there are no additional gauge symmetries nor matter multiplets appearing over
the (2,0) tensor branch.
To summarize, beginning with a generic Weierstrass model over P2/Z3 it is possible to tune
the complex structure to make manifest a connection to a multi-section geometry with a Z3
symmetry. In doing so, we find that generically the three superconformal points in the base
geometry carry through this tuning largely unaffected. That is, we have thus far considered
a supergravity with three (2,0) A2 points which we coupled to a discrete symmetry without
coupling/charging the A2 points to the discrete symmetry. It remains to ask then, what happens
when such a coupling does occur? We turn to this possibility next.
2.3 Coupling discrete multiplets to the tensor branch
In the following our goal will be to minimally tune the complex structure moduli of the Weier-
strass model over dP6 given above such that we find discrete charged singlets residing exactly
over the resolution divisors. Once this tuning has been achieved in the tensor branch (i.e.
4Some progress was made by taking the IIB limit of Mordell-Weil U(1) symmetries and discrete gauge
symmetries in [36].
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resolved base geometry) of the theory, we can then take the singular limit to go back to the
strongly coupled theory. The global features of the associated Z3 multi-section geometry, the
singular Jacobian and its resolution will be described in detail in Section 4.1, however here we
will begin with a brief overview of the physics associated to a simple, tuned Weierstrass model.
It should be noted that such a tuning is not in the smooth moduli space of deformations of the
generic Weierstrass model over dP6 and instead will correspond (under resolution of singulari-
ties) to a topologically distinct Calabi-Yau threefold.
In order to tune discrete charged singlets over the resolution divisors Ei,j we have to tune
the sections si such, that we obtain an I2 fiber at ei,j = 0 plus another constraint. A strategy
to search for such a model is to tune the s´i to factor as
s¯k =
∑
i,j
e
ni,j,k
i,j dk , (2.14)
with powers ni,j,k and the dk some residual polynomials, such that the discriminant becomes of
the form
∆ =
(∑
i,j
ei,j
)
(P (dk) +Q(dk)O(
∑
i,j
ei,j)) , (2.15)
and transforms as a section of K−12b of the dP6 base. In this way we obtain an I1 fiber over
Ei,j enhanced to the desired I2 loci over Em,n as well as P = 0. An exhaustive scan for such
solutions is beyond the scope of this work but one solution is given as
s¯1 = e1,1e2,1e3,1d1 , s¯2 = e1,1e1,2e2,1e2,2e3,1e3,2d2 , s¯3 = e1,1e1,2e2,1e2,2e3,1e3,2d3 ,
s¯4 = e1,2e2,2e3,2d4 , s¯5 = e1,1e2,1e3,1d5 , s¯6 = d6 ,
s¯7 = e1,2e2,2e3,2d7 , s¯8 = d8 , s¯9 = d9 , s¯10 = d10 ,
(2.16)
where the residual polynomials di are given explicitly in Appendix B. In this case we find
31 generic coefficients that get reduced by the C∗ scalings of the dP6 base to 26 complex
structure degrees of freedom. It should be noted that under this tuning, the equivalences
between various sections s¯i, no longer hold. That is, written as bundle relations S7 6= S9 6= K−1b
which can be explicitly read off from the expressions given in Appendix B. In order to check
for the multiplicities we can use the toric intersections of the dP6 base as given in Figure 2 or
equivalently by its Stanley-Reisner ideal:
SRI : {y0y1, y0y2, y0e1,1, y0e1,2, y0e2,1, y0e3,2, y1e2,2, y2e2,2, e1,1e2,2, e1,2e2,2, e2,2e3,1,
e2,2e3,2, y1e3,1, y2e3,1, e1,1e3,1, e1,2e3,1, e2,1e3,1, y1y2, y1e1,2, y1e2,1, y2e1,1,
e1,1e2,1, e1,1e3,2, y2e3,2, e1,2e3,2, e2,1e3,2, e1,2e2,1} ,
(2.17)
and using the linear equivalences of dP6
[y0] ∼ [y2 + 1/3e1,1 + 2/3e1,2 + 1/3e2,1 − 1/3e2,2 − 2/3e3,1 − 1/3e3,2] ,
[y1] ∼ [y2 − 1/3e1,1 + 1/3e1,2 + 2/3e2,1 + 1/3e2,2 − 1/3e3,1 − 2/3e3,2] ,
(2.18)
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to deduce the relations
S9 ∼[3y2 + 1/3e1,1 + 5/3e1,2 + 4/3e2,1 + 2/3e2,2 − 2/3e3,1 − 1/3e3,2] ,
S7 ∼[3y2 + 2/3e1,1 + 7/3e1,2 + 5/3e2,1 + 4/3e2,2 − 1/3e3,1 + 1/3e3,2] ,
(2.19)
which admit the following linear equivalences
2K−1b − S7 − S9 ∼[e1,1 + e2,1 + e3,1] ,
2S7 − S9 −K−1b ∼[e1,2 + e2,2 + e3,2] ,
2S9 − S7 −K−1b ∼[e1,1 + e2,1 + e3,1e1,2 + e2,2 + e3,2] ,
(2.20)
and intersections
S7K−1b = S9K−1b = (K−1b )2 = 3 , S7S7 = S9S9 = 1 , S7S9 = 2 . (2.21)
This information is enough to deduce the discrete charged hypermultiplets via (2.11) which
yields the following spectrum
Representation Multiplicity
11 72
10 27
T 6
. (2.22)
By direct comparison with the matter content given in the previous Subsection we find that
nine neutral hypermultiplets have been exchanged for nine discrete charged hypermultiplets and
hence all anomalies are canceled again. Moreover these additional hypers are located exactly
over the six resolution divisors as the discriminant is precisely of the form (2.15) with the
polynomial
P = (−d10d36 − d6d7d28 + d4d38 + d26d8d9) , (2.23)
which is a section in the homology class of the base
[P1] ∼ [y0 + y1 + y2 + 3K−1b ] . (2.24)
The multiplicity of the matter can be evaluated by using the intersections
Ei,1Ei,2 = 1 , Ei,jK
−1
b = 0 , Ei,j[y0 + y1 + y2] = 1 . (2.25)
In Section 4 we consider the fully resolved geometry and confirm the factorization of the genus
one fiber over the above loci explicitly.
In summary we have presented here a tuned fibration with exactly nine additional discrete
charged hypermultiplets located over the three loci of the former Z3 fixed point as depicted in
Figure 2. Those additional hypermultiplets come at the cost of nine complex structure degrees
of freedom as dictated by anomaly cancellation.
11
Dy1
Dy2 Dy0
11 11
11 11
11 11
11
11 11
Figure 2: Matter locations of the second Z3 model and its tensor branch where additional
discrete charged hypermultiplets reside. Note that the blow-ups are at non-generic points leading
to a toric dP6.
2.3.1 Going back to the strong coupling geometry
Our goal remains to understand how the charged matter described above interacts with the
superconformal sectors of the theory in the limit of a singular base. To accomplish this, we
must consider the geometry above as we go back to strong coupling by blowing down the
exceptional divisors Ei,j within the dP6 base. In doing so we note that the sections s¯i are
now all degree three polynomials in the P3/Z3 coordinates yi and therefore transform in their
anticanonical class K−1b just as in our first model presented in Subsection 2.2. However, unlike
in that geometry, here the sections are generically not invariant under the Z3 action anymore
but transform homogeneously under the Z3 action
(s¯i)→
(
s
(0)
1 , Γ
2
3s
(2)
2 Γ3s
(1)
3 s
(0)
4 Γ3s
(1)
5
s
(0)
6 Γ
2
3s
(2)
7 Γ
2
3s
(2)
8 Γ3s
(1)
9 s
(0)
10
)
(2.26)
where the superscript denotes the power of Γ3 it transforms under. However from the Weier-
strass coefficients we see that f(s¯i), g(s¯i) and ∆(s¯i) are still Z3 invariant combinations and
therefore our Weierstrass fibration is well defined. Note that we can add three more polynomial
deformations δaiy3i to the polynomial s
(0)
10 = by0y1y2 as
s
(0)
10 → s(0)10 + δa0y30 + δa1y31 + δy32 , (2.27)
that respects the C∗ scaling and Z3 transformations of the base and must be added as complex
structure degrees of freedom. Summing up we obtain 26+3 = 29 independent complex structure
deformations. Turning back to the charged spectrum we have to read off the classes of sections
s7 and s9 again that are of the form
s
(2)
7 =a14y0y
2
1 + a23y
2
0y2 + a30y1y
2
2 ,
s
(1)
9 =a16y
2
0y1 + a25y
2
1y2 + a32y0y
2
2 ,
(2.28)
which vanish over the orbifold singularities and hence their associated classes S7 and S9 are
not Cartier divisors. As both sections are degree three polynomials we denote their classes as
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S7 = S9 = K−1b by abuse of notation. We must however keep in mind that they are not Cartier
divisors, consistent with their change in intersection numbers upon blow-up, a fact we discuss
in more generality in Section 3.5. Using then the self-intersection (K−1b )
2 = 3, we compute the
spectrum by Equation (2.11) of Subsection 2.2 to 63 discrete charged hypermultiplets, exactly
the same amount as in the first model. Therefore we find the count of all massless degrees of
freedom of both models to match exactly, including the contribution of the three A2 theories
consistent with all anomalies.
This spectrum provides a puzzle that we will investigate in the following Sections: Both the-
ories are 6-dimensional SUGRA theories coupled to a Z3 discrete symmetry and three strongly
coupled A2 (2,0) SCFTs with the same amount of massless degrees of freedom. One is thus
tempted to say that they are identical theories with the only difference, in terms of the Weier-
strass model, that the sections s¯i are Z3 invariant in the first model and covariant in the second.
Intriguingly however, when we go to the tensor branches of both theories we find additional
discrete charged states in the second theory which is not the case in the first and hence the
second A2 is charged under the discrete symmetry.
To alleviate this puzzle, in the remainder of this work, we will consider the fully resolved
genus one fiber of this (and other models) that can be described as the following hypersurfaces:
1. First Model: Genus one fibration as anticanonical hypersurface P ⊂ (P2× (P2/Z3)). The
discussion of the smooth tensor branch geometry can be found in Appendix A.
2. Second Model: Genus one fibration as anticanonical hypersurface P ⊂ (P2 × P2)/Z3.
In fact the quotient in the second model extends to a full free action on the genus one fibered
Calabi-Yau with a multiple fibers over the fixed points. In addition we show that the tensor
branch transition in the second case is obtained by a resolution of a Lens space. The above and
other examples are presented in Section 4. As we will see, the structure of the global Calabi-Yau
geometry encodes important differences in the superconformal sectors of the theories.
3 Quotient Manifolds and Hyperconifold Transitions
In this section we consider the general construction of smooth genus one fibered geometries that
have the generic properties presented in the previous section. As will be described below, the
geometries that encapsulate the special structure of discretely charged superconformal matter
described in Section 2.3 have a number of remarkable features, most importantly they can be
described as a smooth quotient of a Calabi-Yau threefold by a freely acting discrete symmetry.
In addition, they are non-simply connected and the genus one fibrations exhibit multiple fibers
in co-dimension 2 as described in Section 1. In addition, unlike in cases previously considered,
transitions between a multi-section geometry displaying a discrete symmetry and the "un-
Higgsed" U(1) geometries are not realized as ordinary conifold transitions, but rather as so-
called “hyperconifold transitions" in the sense of [37].
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To clearly define these compact quotient geometries, we first review the general constraints
for the covering space threefoldX, and recall the properties that Calabi-Yau quotient geometries
obey. In addition, in the context of U(1) Higgsing transitions in 6-dimensional F-theory it is
useful to provide a brief review of the physics associated to genus one fibrations and we do this
in Section 3.3. There we will highlight the appearance of Zn discrete gauge symmetries and
(2, 0) superconformal sectors, realized as Zn singularities in the base.
With these results in hand we are in a position at last to study in detail the tensor branch
of those (2,0) theories which differs by those of standard An−1 theories by a coupling to the
discrete gauge symmetry, which is why we denote them as An−1. The tensor branch of the An−1
theories is obtained by hyperconifold resolutions that replaces a Lens space in the threefold with
a chain of P1’s in the base with discrete charged hypers over them. In Section 3.6 we show that
the full 6-dimensional anomaly cancellation is satisfied on the quotient geometry including the
contribution of An−1 (2,0) subsectors.
3.1 Construction of genus one fibered quotient threefolds
In this section we briefly review the construction of non-simply connected, smooth torus-fibered
Calabi-Yau threefolds, X̂, and their properties. Manifolds such as these have played an impor-
tant role in smooth heterotic model building where symmetry breaking is achieved via discrete
Wilson lines (see e.g. [12, 38, 40]), but have not yet been systematically employed in F-theory.
At present, no systematic characterization of such CY threefold geometries exist, but classifi-
cations have been completed for several important datasets, including toric hypersurfaces [23]
and also complete intersections in products of projective spaces [22,39].
In these known constructions X̂ is obtained by using a freely acting discrete automorphism
Γn to quotient a covering Calabi-Yau manifold X as
X̂ = X/Γn . (3.1)
The topology of X̂ is fully specified by that of X, with Ind(X̂) = Ind(X)/|Γ| and H i(X̂, T X̂) =
H iinv(X,TX) and the Chern classes and intersection numbers likewise descending (see [38] for
a brief review).
In the present context, since we hope to employ such geometries in F-theory, we also require
in addition that both X and X̂ exhibit a fibration structure
T 2 → X
↓ pi
Bcov .
(3.2)
Those conditions put some constraints on the action of Γn and its form which we will review
[12, 40] in the following. Concretely, it is necessary for Γn to preserve the holomorphic volume
form, to preserve the fibration pi and to act freely on X such that X̂ is also smooth and non-
simply connected. In particular, to accomplish the second requirement we will assume that Γn
is a composition of a fiber and base action
Γn = Γn,f ◦ Γn,b , (3.3)
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that are compatible with the fibration, as
T 2/Γn,f → X/Γn
↓ pi
Bcov/Γn,b .
(3.4)
In general, the action on the base Γn,b will be not free and admit fixed points5, leading to
singular base manifolds for the genus one fibration.
The smoothness of the total CY geometry can be preserved despite the above singularities
in the base by novel structures in the fiber. In the examples considered here, the fibers above
the orbifold fixed points become multiple fibers – that is the fiber is a non-reduced curve of
the form nE where n > 1 and E is a smooth genus one curve (equivalently, the fiber above the
orbifold fixed points in the base is everywhere singular). We will explore this in more detail in
the examples of Section 4 and in Appendix E.
For this work we restrict ourselves to cyclic group actions for Γ and, following the char-
acterization in [12], we consider separately the case of an elliptic fibration with (1) an elliptic
fibration with a rational section and (2) a genus one fibration with multi-section:
1. X is an elliptic fibration with a zero section σ(s0). In this case, since the action of the
symmetry must preserve the “horizontal” and “vertical” decomposition of divisors within
X, we expect that the discrete symmetry should map sections to sections. That is, Γn,f
should act as a translation acting on the fiber [11, 41]. The fiber over the fixed points
is smooth, and this translation is possible provided that the fibration has additional n-
torsion sections σ(sm); the Γn,f acts as
Γn,f (σ(sm)) = σ(sm+1) for m mod n . (3.5)
In other words, we require that Γn,f is an homomorphism of the torsion part of Mordell-
Weil group of the elliptic fiber; for example
s0 → s0 + s1 . . .+ s1︸ ︷︷ ︸
m times
, (3.6)
with ′+′ denoting addition under the Mordell-Weil group law and s1 as the torsion gen-
erator. We note that the torsion part of the Mordell Weil group leads to the presence of
some ADE gauge algebra G with some Zn sub-center [42–44]. The global gauge group G
of the fibration X is modded by the sub-center and becomes non-simply connected with
first fundamental group of pi1(G) = Zn.
As this translation does not preserve the section [12] the resulting quotient geometry
X̂ only admits a multi-section s(n) of order n resulting in a genus one fiber, C, as
s(n) : ss ∼ n · s1 , with s(n) · C = n . (3.7)
5Note, an exception involves cases in which the base of the fibration is an Enriques surface.
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s(n)
Figure 3: Depiction of the fiber rotation over a fixed point in the base. γn,f acts as a discrete
fiber rotation that rotates the n solutions of the n-section s(n) on the covering space to avoid
fixed points on the fibers (note that locally this is equivalent to a translation on the fiber).
Moreover the cyclic group action identifies all resolution divisors Ei of the gauge algebra
G, that are intersected by some torsional section [12] reducing the total rank of the gauge
group of X. Note that this quotient6 reduces the total gauge group. On the other hand,
the presence of multi-sections suggests the presence of a discrete symmetry on X̂.
2. X is a genus one fibration with a multi-section of order n and no section. Once again,
the discrete symmetry must factor into an action on the fiber and base in such a way
that the fibers should not acquire fixed points. The natural candidate is a discrete Zn
rotation that acts cyclically on all n-sections, as the action should be free, as illustrated
in Figure 3 and the fiber becomes a multiple fiber of order n in all known examples [18].
Thus to summarize, taking a free Zn quotient onX that preserves the fibration yields a geometry
which is
• genus one fibered,
• fibered over a singular base manifold Borb = B/Γn,b,
• non-simply connected with pi1(X/Zn) = Zn.
For simplicity, in this work we will focus primarily on quotients of the second kind, although
many of the following results and relations can be extended to quotients of the first type as
well.
3.2 Hyperconifolds and Lens spaces
The results of the previous section make clear that in order to study F-theory on quotient
Calabi-Yau geometries it is necessary to consider multi-section geometries. In order to describe
the physics of such backgrounds, we must also be prepared to discuss transitions linking elliptic
fibrations with section to genus one multi-section fibrations – physically realized as a Higgsing
process that breaks a U(1) theory to a discrete remnant. In this Subsection, we investigate
such geometric transitions within quotient geometries.
6Similar observations have been made in the context of Little String theories after a fiber-base duality [11]
and used in [19].
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For the quotient geometries of the previous section, by construction X̂ is smooth and the
fibers over the singular fixed points in the base are fixed point free and so-called “multiple
fibers” (non-reduced, everywhere singular curves). This smooth multi-section geometry can be
connected to a fibration with section via a geometric transition.
This geometric transition must include a singular geometry from which both the genus one
and elliptically fibered geometries are “visible” – as a deformation or resolution of the singularity,
respectively. Beginning with the multi-section fibration, this singular point can be reached via
a complex structure deformation that allows a Zn fixed point in the ambient space to hit the
CY hypersurface. This tuning and the subsequent resolution of the singularities is known as a
hyperconifold transition [37] which we review here for completeness, following [45].
A standard conifold transition [46] can be represented in local coordinates yi ∈ C4 as
p = y1y4 − y2y3 = 0 . (3.8)
This nodal defining relation represents the cone over S3 × S2 which can either be deformed to
an S3 for p→ p+ s or to an S2 via a small resolution.
In the case at hand, it is possible to consider such a conifold transition under the action of
a discrete symmetry, Zn and a quotienting of both sides. The inclusion of a Zn action on the
coordinates and the subsequent quotient makes this a hyperconifold transition [45, 47] by the
additional action
(y1, y2, y3, y4) ∼ (Γy1,Γky2,Γ−ky3,Γ−1y4) , (3.9)
with Γ = e2pii/n and n an k being co-prime. Hence the above action does not result in a standard
three-sphere, when we go to the deformed phase, but a free-quotient of it, namely a Lens space
L(n, k).
This difference can be seen by a matrix parametrization of (3.8) as
p = det(W ) with W =
(
y1 y2
y3 y4
)
, (3.10)
and then rewriting W in terms of a triple (r,X, v) [48] with radial coordinate r, the matrix
X ∈ SU(2) ∼ S3 and v ∈ C2 with |v| = 1 representing a point on P1. In this parametrization
we can write
W = rXvv† , (3.11)
with the transformation law in Eq. (3.9) acting as
X →
(
Γ 0
0 Γ−k
)
X
(
1 0
0 Γk−1
)
, v →
(
1 0
0 Γ1−k
)
v . (3.12)
Put differently, the action on the S3 in terms of complex coordinates z0, z1 ∈ C2 with |z0|2 +
|z1|2 = 1 can be written as
(z0, z1)→ (Γz0,Γ−kz1) . (3.13)
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Figure 4: The toric diagram of the conifold on the left and its Z3 quotient on the right. The
deformation phase corresponds to the twisted S3 of the Lens space L(3, 1). Its resolution requires
two exceptional divisors, represented by points in the interior of the parallelogram.
which is a free action7 and defines the aforementioned Lens space L(n, k).
The resolution side of the hyperconifold can also be considered which leads to the addition of
n resolution divisors. This can be seen by first considering the toric diagram of the hyperconifold
when going to homogenous coordinates of (3.8) with
y1 = z1z3 , y2 = z1z4 , y3 = z2z4 , y4 = z2z4 , (3.14)
which admits the C∗ scaling
(z1, z2, z3, z4) ∼ (λz1, λ−1z2, λz3, λ−1z4) , (3.15)
encoded in the toric diagram depicted in Figure 4 where each coordinate represents a 1-
dimensional cone vi ∈ N = Z3. The toric diagram is spanned by the fan of 1-dimensional
cones
Σ1 : {v1 = (1, 0, 0) , v2 = (1, 1, 0) , v3 = (1, 0, 1) , v4 = (1, 1, 1) } . (3.16)
The quotient that acts on the conifold in Equation (3.9) can be understood [45] as a refinement
of the base lattice N which we represent by the new basis
N ′ : {(1, 0, 0), (0, 1, 0), (0,−k/n, 1/n)} , (3.17)
such that in this new basis Σ1 has coordinates
Σ′1 = {(1, 0, 0), (1, 1, 0), (1, k, n), (1, k + 1, n)} , (3.18)
depicted schematically in Figure 4. As the volume of the parallelogram in the (y, z) plane has
volume n, it is easy to see that we need n − 1 additional exceptional divisors Ei for a full
7The action on the P1 is a simple rotation.
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resolution of the space. Performing the full regular star triangulation introduces 2n additional
3-dimensional cones to the original diagram.
This toric description provides everything we need to obtain the change in the Hodge and
Euler numbers in a hyperconifold transition X̂ → X˜. As the Euler number is the number of
top dimensional cones, we find
χ(X̂)− χ(X˜) = 2n ,
h1,1(X̂)− h1,1(X˜) = 1− n ,
h2,1(X̂)− h2,1(X˜) = 1 ,
pi1(X˜) = pi1(X̂)/pi1(L(m, k)) = 1 .
(3.19)
The change in complex structures is derived from χ = 2(h1,1 − h2,1). Moreover, in going to
the resolution phase Y we have lowered8 or eliminated the fundamental group of X̂ by deleting
the Lens space L(n, k) and adding in resolution divisors [45]. That is, X˜ is in general simply
connected.
It is also possible to relate some triple intersection numbers across a hyperconifold transition
d̂K,L,M = D̂KD̂LD̂M , and dK,L,M = DKDLDM , (3.20)
from those on X̂ to those on X˜. For this we distinguish the following sets of divisors on X̂ and
X˜ respectively
D̂M : {D̂α, D̂m} , and DM : {Dα, Dm, Ei} . (3.21)
The Cartier divisors D̂α on X̂ do not intersect the conifold point upon tuning and stay in the
same homology class [Dα] on X˜ and therefore do not change intersection numbers. As the
D̂α miss the conifold, they also miss the resolution divisors Ei on X˜ and therefore we have
intersections
di,α,α′ = di,j,α = 0 , d̂α,α′,α′′ = dα,α′,α′′ . (3.22)
The divisors D̂m on the other hand are not Cartier and have altered intersection numbers upon
blow-up. In particular the zero-section D0 or its multi-section analog [6, 9] is a divisor of this
type which we need in order to deduce the intersection pairing of the base
d0,α,β = Ωα,β , (3.23)
relevant for 6-dimensional anomaly cancellation in Section 3.5. From that point of view it is
clear that the intersection matrix on Y obtains a block diagonal form as
d0,α,i = Ωi,α = 0 , and d0,i,i′ = Ωi,i′ . (3.24)
Having summarized the properties of generic free quotients of CY manifolds and hyperconi-
folds, we now have to specialize to the case of a genus one fibered quotient geometry. Suppose
8In general it can happen that only an Zm singularity hits X̂ and therefore reduces only a subgroup of the
fundamental group on X̂: pi1(X˜) = Zn/m.
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there exists a projection pi : X̂ → Borb down to a possibly singular base Borb. In this case
the second base homology H2(Borb,Z) is generated by the divisors Dbm in the image of the
projection pi. Some of these can be non-Cartier divisors that, however, can be Cartier on Borb
i.e. they can avoid orbifold singularities on Borb. Note however that, by construction the full
fibration is smooth but with multiple fibers over the fixed points.
As we are considering elliptically or genus one fibered threefolds we distinguish how the
local fan Σ(n)(1) of the hyperconifold restricts to the base under the projection, pi:
1. Σ(n)(1) restricts to a local fan
Σ
(n),b
(1) : {v1 = (1, 0), vn = (1, n)} , (3.25)
which is an An−1 singularity in the base. In this case all resolution divisors Ei are
horizontal and restrict to base resolution divisors increasing h1,1(Borb) resulting in n− 1
additional tensor multiplets.
2. Σ(n)(1) restricts to a single vertex in Borb. In such a case the An−1 singularity is purely in
the fiber and we have added an SU(n) gauge symmetry with Ei being vertical resolution
divisors.
3. Σ(n)(1) restricts to m divisors in the base only, with n − m resolution divisors of gauge
algebras over them. This case is a combination of the last two cases.
In this work we mainly consider transitions of the first type and comment on those of the second
type in some examples.
3.3 The F-theory physics of genus one fibrations
In the previous section we reviewed the geometry of hyperconifold transitions in quotient Calabi-
Yau geometry. It is our goal to employ this geometry to model U(1) Higgsing transitions that
involve discretely charged superconformal matter. Before beginning this analysis though, it is
useful to review briefly the physics of “ordinary” U(1) Higgsing transitions in F-theory, realized
via conifold-type transitions.
Cyclic symmetries Zn are known to be generated in F-theory via compactification on a
geometry with an n-section of the fiber C [10]. In all known examples, it can be observed that
the n-section geometry can be linked by a chain of conifold transitions to an elliptic fibration
with n additional linearly independent rational sections (these sections will give rise to a rank
n sublattice of the Mordell-Weil group). The transitions9 un-Higgs the Zn to a U(1)n gauge
symmetry.
In this picture, the last Higgsing U(1) → Zn is of particular interest, triggered by the vev
of q = n U(1) charged hypermultiplets in 6-dimensions. There is an intricate and beautiful
interplay between the threefold geometry, the physics of the 5-dimensional M-theory and its
6-dimensional F-theory uplift which we have depicted in Figure 5. The central geometric object
is the singular geometry Xs with a conifold singularity which admits both a small resolution
9Note that one U(1) un-Higgsing can involve multiple conifold points.
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and a deformation, leading to two topologically distinct, smooth threefolds. The resolution
side represents a collection of several elliptic fibrations Yi, related by flop transitions and a free
Mordell-Weil group of rank one. In the 5-dimensional M-theory, where we have the additional
circle U(1)0, those vacua represent different realizations of holomorphic curves with the same
U(1)MW charge but different KK U(1)0 charges [7,33]. Indeed, shrinking the differently realized
holomorphic curves and then deforming realizes n different sets of genus one fibered geometries
Xi with n-sections only, that all share the same Jacobian J(Xi) = X0. The set of all these
geometries can be collected to a group, together with an action on the geometries gi that forms
the group of Calabi-Yau torsors, known as the Weil-Chaˆtelet (WC) group [49]. Commonly in
the F-theory literature, the set of CY torsors reduces to a subgroup of the WC group, known as
the Tate-Shafarevich (TS) groupX(X, C) which admits a Zn subgroup. The difference between
the Weil-Chaˆtelet and Tate-Shafarevich groups is frequently negligible, but in the case of CY
fibrations admitting multiple fibers in co-dimension 2, the difference can become significant.
In 5-dimensional compactifications of M-theory on these sets of geometries, there exists
a beautiful match between the CY torsors and the collection of holomorphic curves Ci with
charges (n, i) under U(1)MW × U(1)0 that can become massless and induce a non-trivial flux
ξ = i
n
along the circle in the resulting geometry. Thus we see that only one geometry, the
Jacobian, admits a full U(1)0×Z3 symmetry after Higgsing, triggered by the veved field which
geometrically does not intersect the zero-section. The other geometries without sections corre-
spond to U(1) theories with non-trivial flux ξ = i
n
labeling the various M-theory vacua.
It is important to note that only one geometry in this collection, the Jacobian, admits
non-trivial torsional three-cycles [33] whereas the genus one geometries do not. The torsion
appearing in the Jacobian plays a clear role in discrete flux backgrounds in M-theory [9,50] and
mathematically is an element of the cohomological Brauer group, B(X). It is important to note
that this finite group is one of only two types of cohomological torsion available in CY threefolds.
The universal coefficient theorem guarantees that Tors(Hi(X,Z)) ' [Tors(H i+1(X,Z)] [23].
Moreover, there is no torsion in H0(Xˇ,Z) = H6(Xˇ,Z) for CY manifolds. The non-trivial struc-
ture occurs then as B(X) ⊂ H3(Xˇ,Z) (which gives also rise to a finite group B∗ in H4(Xˇ,Z))
and torsion A(X) in H2(X,Z) where A(X) is a finite Abelian group (with A∗ appearing as
discrete torsion in H5(X,Z))10. In the case of Calabi-Yau quotient geometries only one of these
torsion groups must be non-zero, namely A(X) = Hom(pi1(X),Q/Z). It is important to make
that distinction as the non-simply connected threefolds we will consider in the following sections
are all genus one fibered but already exhibit torsional11 cycles (A(X)), unlike in the covering
spaces in which only the Jacobian contains torsion. Finally in 6-dimensional F-theory vacua,
the theory is only sensitive to the τ function, which coincides for all sets of the TS-group and
thus all elements ofX(X, C) lift to the same 6-dimensional F-theory physics with a Zn discrete
symmetry.
We are nearly ready to consider geometric transitions linking quotient geometries and discuss
the physics of their associated U(1) Higgsing transitions. This will take the schematic form of
10If (X, Xˇ) are mirror pairs in toric hypersurfaces in [23] A(X) = B(Xˇ) and B(X) = A(Xˇ); however for a
possible general counterexamples see [51]
11In the context of Type IIA strings and M-theory, the presence of A(X) torsion can be shown to be in
correspondence to discrete gauge symmetries [50].
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Figure 5: Graphical summary of the transition of genus one fibered threefolds X towards an
elliptically fibered geometry Y with enhanced Mordell-Weil group described in 3.3. Depicted are
the geometric transition above and the 5-dimensional M-theory and 6-dimensional F-theory lifts
below.
quotients of both genus one fibered CY manifolds and their associated (singular) Jacobians.
The commutative relationship between these processes can be illustrated as follows:
X
φ−→ J(X)
Γ ↓ ↓ Γ
X̂
φ−→ J(X̂)
, (3.26)
with the Jacobian map φ from the genus one to the elliptic fibration. Before turning to this
however, we must first address some of the physics of the superconformal sectors associated to
the singular base geometries Borb, and we turn to this now.
3.4 An (2,0) super conformal points
There is a vast literature concerning (2,0) SCFTs and their properties. These theories have
a highly non-trivial and rich structure when coupled to various flavor symmetries, whose full
review is beyond the scope of this work. Instead we review the Zn quotient singularities and
their physics for the simplest cases. In such a case we can view the An−1 singularity as a stack
of M5 branes that probe the singularity and support the (2, 0) theory in terms of n − 1 free
(2, 0) tensors T(2,0). Such a tensor consists of an anti-self-dual tensor, two negative chirality
tensorini and five real bosons that can be understood as the transverse directions of the M5
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brane. In terms of a (1,0) theory those tensors can be decomposed into
T(2,0) = H10 ⊕ T(1,0) . (3.27)
Hence a (2, 0) tensor contributes equivalently as a (1, 0) tensor and a neutral hypermultiplet
in the anomaly polynomial. This is precisely the same as the contribution from the M5 brane
induced R-symmetry anomaly in [52] canceled by the 8 form contribution
I
An−1
8 =
n− 1
192
(
trR4 − 1
4
(trR2)2
)
. (3.28)
Note that we generically can have multiple Zn singularities at the same time, as well as Zm
ones, if m divides n. Thus, if we have mi Zni singularities this will yield the total amount of
(2,0) tensors
T(2,0) =
∑
i
mi(ni − 1) , (3.29)
which will modify the gravitational anomalies as
H − V + 29T(1,0) − 30T(2,0) − 273 = 0 , 9− T = a · a+ T(2,0) . (3.30)
Note that the number of perturbative T(1,0) can be computed from the number of Kähler moduli
of the base minus the overall volume.
T(1,0) = h
1,1(B)− 1 . (3.31)
3.5 Anomalies and An (2,0) theories
In this section we turn to the physics of 6-dimensional F-theory compactifications on smooth
quotient geometries, supporting An−1 points and discuss their tensor branches. As it will turn
out, those tensor branches differ by those of regular An−1 (2,0) points by a coupling to the
discrete symmetry. For this we review first the cohomology lattice of the orbifold base, that
encodes the Green-Schwarz coefficients in the anomalies which will be crucial for our argument.
For simplicity, we consider smooth quotients that do not change the Kähler deformations12
of the CY. In the following we will show that such quotients simply lower the global matter
spectrum and introduce additional free (2,0) tensors consistent with anomaly cancellation.
The tensor branch of these theories however can be computed from a hyperconifold transition
using the features as reviewed above and reveals additional discrete charged hypermultiplets
and therefore differs from the one of an An−1 theory. Hence we denote those superconformal
subsectors as An−1 theories.
12Similar generalizations of quotient theories on the level of the anomaly lattice were performed in [19].
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3.5.1 The 6-dimensional anomaly lattice
An important ingredient in the description of 6-dimensional F-theory physics is the second
homology lattice of the F-theory baseH2(B,Z), whose intersections captures the Green-Schwarz
anomaly coefficients of the SUGRA theory [53]. The homology lattice is identified with the
string charge lattice and satisfies tight constraints, being integral and unimodular [53]. However
it is well known that in the case of singularities, even orbifolds, H2 is not necessarily integral
and hints at fractional instanton charges of the strongly coupled sectors [5]. For our purposes
we distinguish three related base homologies
H2(Bcov,Z) , H2(Borb,Z) , H2(Bres,Z) , (3.32)
related by
Bres
pi−→ Borb = Bcov/Γn,b , (3.33)
via the blow-down map pi. The homology lattice of the resolved geometry, we identify as the
tensor branch of the strongly coupled orbifold geometry. For any of these bases we can expand
a divisors D in terms of a basis eM ∈ H2(B,Z) as
D =
∑
M
dMeM , (3.34)
for M = 1, · · · , T . Thus the SO(1, T ) intersection matrix
ΩM,N = eM · eN , (3.35)
can be used in order to raise and lower indices and take the intersection product of two divisors
D ·D′ = ΣM,NdMdN . (3.36)
Fixing some basis eM on the covering base Bcov, we find that after quotienting by Γn,b they
become êM with intersections on Borb for our choice of the basis given as
êM · êN = 1
n
eM · eN , (3.37)
which is not integral in that base but fractional and hence these divisors are non-Cartier on
Borb.
On the other hand, the orbifold base is linked to a smooth base Bres by gluing in resolution
divisors ei, whose second homology is again integral and unimodular as here we have a well
defined SUGRA description, representing the tensor branch of the super conformal points. As
reviewed in Section 3.2 the intersection matrix on Bres becomes block diagonal
ΩM,N = Ω
s
α,α′ ⊕ Ωri,j , (3.38)
with respect to the basis of divisors eα of the quotient geometry and ei the resolution divisors.
For the arguments that follow the Cartier divisors on Borb are again of particular importance,
as they have an unchanged homology class in H2(Bres,Z) and unchanged intersection numbers
if they contain components of the resolution divisors [5].
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3.6 Anomaly cancellation on the quotient geometry
We turn now to anomaly cancellation on the quotient geometry. The connection to the anoma-
lies is made by the identification of the Green-Schwarz coefficients as intersections of vertical
divisors in the base [53]. The full consistency conditions are listed in Appendix C but the
central objects are the base divisors
a ∼ Kb , b ∼ [SADE] , bmn = pi(σ(sm) · σ(sn)) , (3.39)
with SADE the base divisor of some ADE fiber and its U(1) analog bmn which is the Néron-Tate
height pairing [54] of Shioda maps σ(sm) associated to an enhanced Mordell-Weil group. As we
are considering compact geometries, we have to satisfy in particular the gravitational anomaly
H − V + 29T − 273 = 0 , (3.40)
which gives a strong constraint on the global spectrum of the gauge group.
We start from a torus fibered CY X which is fully resolved and where all anomalies are
canceled. Applying the freely acting quotient, as stated in Section 3.1 we obtain a smooth
threefold X̂ where over the fixed points in the base there are at most multiple but non-reducible
fibers without a gauge enhancement. This amounts to the requirement that ADE divisors b are
Cartier and do not cross a singularity in Borb and in analogy we also demand the same for the
height pairings bmn.
As the fundamental domain of Bcov is reduced by n, the quotient reduces the amount of
hypermultiplets by n. In the following we want to show full gauge anomaly cancellation before
we consider the gravitational anomalies. For this we introduce the notation of the base divisors
for the covering and orbifold theory
a, b, bmn ∈ H2(Bcov,Z) and â, b̂, b̂mn ∈ H2(Borb,Z) . (3.41)
All anomalies are summarized in Appendix C and here we include only a selection that will be
useful in the following arguments. We begin with the mixed gravitational Abelian anomaly
−1
6
∑
q xqr,qsqrqs = a· brs , (3.42)
where xR denotes the multiplicity of the hypermultiplets in the representation R. Anomaly
cancellation in the quotient geometry is thus satisfied as we have
â · b̂rs = 1
n
a · brs , (3.43)
which cancels the contribution of the x̂qr,qs = xqr,qs/n reduced amount of hypers. Similarly we
can proceed for the non-Abelian gauge anomalies as follows
−1
6
(Aadjκ −
∑
R xRAR) = a·
(
bκ
λκ
)
,
1
3
(
∑
R xRCR − Cadjκ) =
(
bκ
λκ
)2
. (3.44)
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Here we keep in mind that b on Bcov is a genus g curve with
g = 1 +
1
2
(b · b+ b · a) , (3.45)
which supports g adjoint hypermultiplets. Thus after taking the quotient the genus is changed
to
ĝ =1 +
1
2
(
b̂ · b̂+ b̂ · â
)
,
= 1 +
1
2n
(b · b+ b · a) ,
= 1 +
1
n
(g − 1) ,
(3.46)
or equivalently that ĝ−1 = 1
n
(g−1). Then, pulling out the sum over the adjoint representation
we find
−1
6
(−∑R x̂RAR − Aadjκ(ĝ − 1))− â·( b̂κλκ) ,
=− 1
6n
(−∑R xRAR − Aadjκ(g − 1))− 1na·( bκλκ) = 0 , (3.47)
and hence the above the above gauge anomalies are canceled. Similar arguments hold for all
other gauge anomalies as well.
Finally we have to consider the gravitational anomaly which is where we will find an addi-
tional contribution. We start with the reducible anomaly
h1,1(B)− 1 = T = 9− a · a . (3.48)
Note that the Kähler moduli of the base remain unchanged, while the self intersection of the
canonical class on the other hand does change, and hence we obtain a mismatch of tensor
multiplets
∆T = a · a− â · â ,
= a · a
(
n− 1
n
)
= T(2,0) .
(3.49)
Upon the blow-up this mismatch gets resolved by the introduction of the additional Kähler pa-
rameters which corresponds to the tensor branch of the superconformal matter points. Secondly
we have to consider the contribution of the irreducible gravitational anomaly that is
Hneut +Hcharged +Hadjoint − V + 29T − 273 + ∆strong = 0 , (3.50)
where ∆strong is the contribution of the strongly coupled sector and we have split up the contri-
bution of the different types of hypermultiplets. Again, the amount of adjoint representations
are counted by the genus gκ of the ADE curves whereas the multiplicity of them is reduced
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by the neutral Cartan-like states that we already count as complex structure deformations in
Hneut. Thus the contribution of the adjoints comes with the multiplicity of root-like states
Hadjoint =
∑
κ
(dim(adj)κ − rank(Gκ))︸ ︷︷ ︸
root(Gκ)
gκ . (3.51)
In the covering geometry we do not have a strongly coupled sector and expect ∆strong = 0.
However, ∆strong should be non-zero in the quotient geometry. Since we can fix the rest of the
spectrum in the quotient in terms of the unquotiented theory we can compute the contribution
∆strong exactly.
We focus again on the case where the gauge group and tensor multiplets stay unaltered by the
quotient. Here we first compute the change in complex structure as follows.
ĥ2,1 = h2,1 + ĥ1,1 − h1,1 − 1
2
∆χ
= h2,1 − 1
2
χ(X)
(
1− n
n
) (3.52)
Then Equation (3.50) in the quotient geometry becomes
Hcharged
n
+Hneut +
1
2
χ(X)
(
n− 1
n
)
+
∑
κ
root(Gκ)
(
gκ − 1
n
+ 1
)
− V + 29T + ∆strong − 273 = 0
(3.53)
Subtracting the anomaly of the covering three-fold we eliminate the Hneut and obtain(
1− n
n
)(
Hcharged − 1
2
χ+
∑
κ
root(Gκ)(g − 1)
)
+ ∆strong = 0 . (3.54)
Inserting the contribution of the Euler number χ = 2(rank(G) + T(1,0) − Hneut − 3) we can
therefore express the contribution of the strongly coupled sector as
∆strong =
(
1− n
n
)(
V + T(1,0) + 3−Hcharged −Hadjoint −Hneut
)
,
=
(
1− n
n
)(
30T(1,0) − 270
)
,
=30T(2,0) ,
(3.55)
where we have used the two gravitational anomalies again. Indeed we find exactly the contri-
bution of T(2,0) (2,0) tensor multiplets stemming from the various fixed points which renders
the theory consistent with all gauge and gravitational anomalies.
It should be stressed again that we have considered a very special kind of quotient in the
above considerations that preserves smoothness and the dimension of all Kähler deformations
h1,1(X). The above arguments suggest that we already seem to have captured all of the degrees
of freedom appearing in the theory. However, there is a question as to whether the (2, 0) sector
is charged under the discrete symmetry or not. We address this question in the next section.
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3.7 The An hyperconifold tensor branch
Let us reconsider what kind of theories we have constructed: these are theories that have to
have discrete symmetries, originating from the genus one fibrations, and fixed points in the
base carrying free (2,0) hypermultiplets. As we have shown before, the degrees of freedom of
the free (2,0) hypermultiplets are enough to cancel all gravitational anomalies such as
Ĥ − V̂ + 29T̂ + 30T(2,0) − 273 = 0 . (3.56)
Hence there is no reason to assume that these are not regular An theories, in particular as the
fiber is non-singular and non-reducible over the fixed points, apart from being multiple. However
in the following we will perform a hyperconifold transition, which corresponds physically to
going to the tensor branch of the theory. This necessarily introduces additional n discrete
charged hypermultiplets consistent with all anomalies. Note again, that we require that all
blow-up divisors of the hyperconifold restrict onto the base and all ADE gauge divisors and
U(1) height pairings to be Cartier divisors not intersecting the singularity. This implies that,
even after the resolution, they stay in the same homology class with unaltered intersections
resulting in the same Green-Schwartz coefficients. This on the other hand implies that the
multiplicity of states charged under the continuous part of the gauge group does not change13
. As a result, the only change we can observe is in the irreducible gravitational anomaly (3.56)
given as
Ĥ + ∆H − 1 + V̂ + 29(T̂ + n− 1) + 30(T(2,0) − n− 1)− 273 = 0 , (3.57)
using that a hyperconifold reduces the complex structures by one and introduces additional
n − 1 Tensor multiplets. However the irreducible anomaly is not canceled anymore as we are
missing ∆H = n neutral hypers missing from the free (2, 0) tensors. This mismatch can not
be compensated by any additional hypermultiplet charged under a continuous gauge symmetry
as the associated gauge divisors are all Cartier and therefore their anomalies are not modified.
However there is still a discrete gauge symmetry present and hence the only possible way to
cancel the gravitational anomaly is by introducing n, Zn charged hypermultiplets.
Hence, we argue that the free quotient introduces Zn discrete gauge symmetries and that
the (2,0) free tensors, that live over the Lens spaces in the base are not regular An−1 theories,
although they have the same degrees of freedom, but are coupled to the discrete gauge symme-
try which is visible in their tensor branch. These are what we denote as An−1 theories.
From here on we can perform several more conifold transitions to un-Higgs the Zn symmetry
to a U(1). This conifold transition which we inherit from the covering space X as c → 0 gets
replaced by a transition ĉ→ 0 on X̂ which leads to the un-Higgsed U(1). However, this tuning
is often not as straight forward as on X, as the transition is now decomposed into several
sub-transitions given as
ĉ =
∑
α
aα +
∑
bβ +
∑
γ
eγ → 0 , (3.58)
13Other possible transitions are those that are anomaly equivalent when a divisor develops ordinary double
point singularities [60].
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that all have to be tuned to zero, in order to get the desired un-Higgsing. We characterize those
transitions as
• Hyperconifolds aα → 0 resolving the fixed points in the base.
• ADE tunings bβ → 0 introducing ADE algebras over fixed points.
• Residual tunings eγ → necessary to obtain the U(1) conifold transition.
Upon the full transition ĉ→ 0 we expect n discrete charged singlets to become charged under
the U(1) symmetry and hence, in the resolved geometry associated to the tensor branch I2
fibers appear. Therefore we find that also the U(1) is automatically coupled to the An−1 tensor
branch, when the theory becomes un-Higgsed. In such a case, the corresponding U(1) height
pairing b11 is not Cartier anymore and is a fractional divisor when the base is taken singular
which hints at the presence of U(1) charged superconformal matter. However as pointed out,
by performing the tuning, it can become necessary to also tune bβ → 0 which introduces
additional non-Abelian gauge groups over the resolution divisors. In such a case we have an
intricate coupling of the Abelian and non-Abelian gauge group in the tensor branch of the (2,0)
theory. In Section 4 we give several concrete examples of those theories and the tunings to un-
Higgs them. Finally we summarize the various operations and flows of geometries in Figure 6.
4 Examples of Genus one Fibered Quotients
In this section we want to present concrete examples of the type of threefolds and transitions
that we discussed in generality in the section before. While there are classifications of free
quotients of CY manifolds available [22, 23], we focus, for ease of exposition on the simplest
examples that are toric hypersurfaces [23] in a 4-dimensional ambient space. We give par-
ticular emphasis on the toric construction of the Calabi-Yau and the quotient action on the
ambient space. To explore the physics on the quotient geometry we perform several hyper-
conifold transitions to smoothen out the base completely and confirm the additional discrete
charged hypermultiplets over the resolution divisors explicitly. We contrast those geometries
with canonical fibrations that dont have those hypermultiplets.
4.1 Example 1: Threefold in (P2 × P2)/Z3
The first example is the bi-cubic hypersurface and its quotient manifold. This example connects
directly to the Weierstrass model we presented in Section 2 and represents a fully smooth genus
one fibration. We identify the singularities in the base space, the behavior of the multi-sections,
and give a discussion of the explicit hyperconifold transition, that corresponds to the tensor
branch of the (2, 0) points in the base, and the additional discrete charged hypermultiplets.
On both geometries, we perform conifold transitions to obtain a section in the covering and
quotient geometry.
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Figure 6: Graphical summary of the geometry and physics of the covering and quotient ge-
ometries explained around sections 3.6-3.7 when tuning in a section. On the left we perform a
conifold which corresponds to an un-Higgsing , while on the quotient side right we perform the
same transition where we have to go through several subtransitions: We first resolve the (2,0)
point, tune in possible ADE groups, before we can un-Higgs the U(1) on the quotient side.
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4.1.1 The covering Calabi-Yau threefold
The bi-cubic Calabi-Yau threefold is a generic hypersurface inside a P2F × P2B ambient space of
degree (3, 3) in the fiber P2F and base P2B (see [55–58] for related recent constructions). The
toric realization of the ambient space Z of the CY threefold is encoded in the convex hull of
the reflexive polytope ∆ ∈ Z4 given as
x0 x1 x2 y0 y1 y2
1 0 -1 0 0 0
0 1 -1 0 0 0
0 0 0 1 0 -1
0 0 0 0 1 -1
, (4.1)
which yields the Stanley-Reisner ideal:
SRI : {x0x1x2, y0y1y2} . (4.2)
We write the CY hypersurface in terms of the fiber coordinates xi as:
P =s1x
3
0 + s2x
2
0x1 + s3x0x
2
1 + s4x
3
1 + s5x
2
0x2 + s6x0x1x2 + s7x
2
1x2 + s8x0x
2
2 + s9x1x
2
2 + s10x
3
2 ,
(4.3)
which is a generic cubic and therefore a genus one curve. The si are generic sections of the
canonical class of the base si ∈ O(−KB = 3HB). Hence these sections are generic cubic
polynomial with 10 monomials in the yi base coordinates just as the fiber. The fiber C is a
genus one curve, which admits no sections but only three-sections as:
[xi] · C = 3 ∀ i . (4.4)
Thus we have a smooth genus one fibered CY threefold
C → X
↓ pi
P2
. (4.5)
The Hodge and Euler numbers of X can be computed as
(h(1,1), h(2,1))χ = (2, 83)−162 . (4.6)
4.1.2 The F-theory physics of the covering space
The F-theory physics of these kinds of threefolds has been considered already in [6,7]. The three-
sections have been identified as the generators of a discrete Z3 symmetry of the 6-dimensional
theory. We can consider the associated singular Jacobian fibration Yˆ
E → Yˆ
↓ pi
P2
, (4.7)
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which admits the same τ function as X and the elliptic fiber E admits a zero-section. The
coefficients f and g of the Weierstrass model in term of the si can be found in Appendix D. As
opposed to the genus one fibration X, the Weierstrass fibration Yˆ is singular and admits A1
singular fibers over certain codimension two points in the base. On X on the other hand those
singularities are absent but the fiber degenerates into two P1’s.
Thus in the F-theory physics those points are interpreted as loci of discrete charged hypers.
Accounting for those discrete charged states, we summarize the full 6-dimensional matter spec-
trum in Table (4.8). For a generic base [6], the spectrum is fully fixed by the three classes base
classes S7, S9 and K−1b that are the classes of the sections s7, s9 in the fiber equation (4.3) and
the anticannonical class of the base.
6d Rep. Base Intersection Multiplicity
11
3(6(K−1b )
2 − S27 + S7S9
−S29 +K−1b (S7 + S9))
189
10 h
2,1(X) + 1 84
V h1,1(X)− h1,1(B)− 1 0
T h1,1(B)− 1 0
(4.8)
Here we made use of the aforementioned identification S7 = S9 = K−1b . The given spectrum
clearly satisfies the gravitational anomaly
H − V + 29T − 273 =0 , (4.9)
9− T =(K−1b )2 . (4.10)
4.1.3 Un-Higgsing to an elliptic fibration
The physics of the above geometry is made most clear by un-Higgsing the discrete symmetry
to a U(1), realized by a transition to a smooth elliptic fibration Y with enhanced Mordell-Weil
rank. In the context of toric geometry this is done by a complex structure deformation by
tuning:
s10(y0, y1, y2)→ 0 . (4.11)
As s10 is a generic cubic by itself, this amounts to setting ten complex structure coefficients
to zero. After the deformation the threefold Y˜ admits nodal singularities and is therefore a
conifold that can be resolved to another smooth threefold Y . Torically this resolution can be
performed as a blow-up of the ambient space Z by adding a vertex to the associated polytope
∆ (4.1). The threefold Y is now the anti-canonical surface in dP1 × P2 ambient space, with
polytope ∆ given as
x0 x1 x2 e1 y0 y1 y2
1 0 -1 1 0 0 0
0 1 -1 1 0 0 0
0 0 0 0 1 0 -1
0 0 0 0 0 1 -1
, (4.12)
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and Stanley-Reisner ideal
SRI : {x0x1, x2e1, y0y1y2} . (4.13)
We compute the Hodge and Euler numbers of this geometry as
(h1,1, h2,1)χ = (3, 75)−144 . (4.14)
The smooth elliptic fiber is thus given as the vanishing hypersurface
P =s1e
2
1x
3
0 + s2e
2
1x
2
0x1 + s3e
2
1x0x
2
1 + s4e
2
1x
3
1 + s5e1x
2
0x2 + s6e1x0x1x2 + s7e1x
2
1x2 + s8x0x
2
2 + s9x1x
2
2 .
(4.15)
Indeed, the divisor De1 intersects the fiber exactly once De1 · E = 1 which yields a zero-section.
In addition, another non-toric section can be constructed which generates a non-trivial MW
group [6]. We summarize the full matter spectrum in the following table
6-d Rep. Base Intersection Multiplicity
11
12[K−1b ]
2 + [K−1b ](8S7 − S9)
−4S27 + S7S9 − S29
135
12
6[K−1B ]
2 + [K−1B ](4S9 − 5S7)
+S27 + 2S7S9 − 2S29
54
13 S9([K−1b ] + S9 − S7) 9
10 h
2,1(X) + 1 76
V h1,1(X)− h1,1(B)− 1 1
T(1,0) 9− (K−1b )2 0
. (4.16)
The spectrum is again computed by identifying S7 = S9 = K−1b and using self intersection
(K−1b )
2 = 9. For this spectrum again all anomalies are canceled and in particular it is free of
the gravitational one (4.9). That all gauge anomalies are canceled can be seen by using the
associated U(1) height pairing
b11 = −2(S7 − 2S9 − 3K−1b ) = 8K−1b , (4.17)
and plugging this into equations (C.1) in Appendix C. We remark that the geometrical transi-
tion back to the bi-cubic is induced by a vev in the hypermultiplets 〈13〉 6= 0. Upon this breaking
we find that the eight D-flat directions appear as new complex structure coefficients whereas
the Goldstone mode renders the U(1) generator massive. On the other hand the 135 and 54
charged states get identified upon the unbroken Z3 residual symmetry and match the counting
for the discrete charged states as given in Table (4.8) for the genus one fibered geometry. The
transition that we have performed above is summarized in the Figure 7.
4.1.4 The quotient of the bi-cubic
For specific values of the complex structure, the bi-cubic hypersurface considered above admits
a Z3 symmetry which can be used to take a free quotient. In terms of the coordinates this
quotient is given by
(xi; yi) ∼ (Γi3xi; Γi3yi) , (4.18)
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Smooth Geometry:
C → X ⊂ P2 × P2
↓ pi
P2
s10→0+blowup−−−−−−−−→
Conifold
〈13〉6=0, U(1)→Z3←−−−−−−−−−−
Higgsing
E → Y ⊂ dP1 × P2
↓ pi
P2y Jac(C)
y birational
Singular WSF
Fibration
E ∼ Jac(C) → Yˆ
↓ pi
P2
s10→0−−−−−−−−−→
E ′ → Y˜
↓ pi
P2
Figure 7: The genus one fibered geometry and its un-Higgsing to a U(1) theory from left
to right. The first row shows the conifold transition in the smooth CY geometry whereas the
second row shows the same procedure in the singular Weierstrass model / Jacobian of the genus
one-fibration.
with Γ33 = 1. Thus the quotient is possible when all monomials in the bi-cubic equation that
do not respect the above action are absent thereby reducing the amount of complex structure
moduli.
From the point of view of the ambient variety Z the points of the dual polytope ∆∗ to the
polytope ∆ corresponds to the monomials of the CY hypersurface via the Batyrev prescription.
Hence one can view the quotient as a lattice refinement of the dual lattice. This refinement
can be rephrased as a basis change [47] of the vertices in ∆, that now have the coordinates:
x0 x1 x2 y0 y1 y2
1 0 -1 0 1 -1
0 1 -1 0 -1 1
0 0 0 1 1 -2
0 0 0 0 3 -3
. (4.19)
In the language of [23] the above ambient space geometry is fixed by the following relations of
the integral vertices
vx0 + vx1 + vx2 = vy0 + vy1 + vy2 = 0 , (4.20)
vγ =
1
3
(vx0 + 2vx1 + vy1 + 2vy2) , (4.21)
where the first relation is simply the specification of the two P2’s and the last one is the
additional fractional relation that refines the lattice. Before we turn to the CY hypersurface,
it is worth to consider the C∗ scalings of the above ambient space geometry, that are
φ : C6 → (
3∏
i
x
vjxi
i y
vjyi
i ) = (
x0y1
x2y2
,
x1y2
x2y1
,
y0y1
y22
,
y31
y32
) . (4.22)
34
The scaling relations of this variety are given by the kernel of the map φ as
(λ1, λ1, λ1, λ2, λ2, λ2) with λ1, λ2 ∈ C∗ , (4.23)
(Γ0,Γ1,Γ2,Γ0,Γ1,Γ2) with Γ3 = 1 . (4.24)
We find that the variety indeed admits the Γ3 action as an additional relation on the coordinates
and hence we conclude that this is indeed the polytope of (P2 × P2)/Z3 with the same SRI as
in Equation 4.2. Note that the above geometry is not smooth and admits nine equivalent
codimension-four fixed points, that are of the form
(x0, x1, x2; y0, y1, y2) = (0, 0, 1; 0, 0, 1) , (4.25)
where the underline indicates permutations. On the ambient space variety intersections are not
integer valued but instead fractional
Dxi ·Dxj ·Dyi ·Dyj =
1
3
. (4.26)
The associated Calabi-Yau hypersurface is smooth as we will argue in the following and admits
the Hodge numbers
(h1,1, h2,1)χ = (2, 29)−54 . (4.27)
The dual polyhedron ∆∗ consists of 34 vertices and encodes all monomials of the bi-cubic, that
are invariant under the Z3 action. As expected the Euler number gets reduced by 1/3 upon
the quotient.
The resulting CY hypersurface in the quotient admits the same structure in terms of a cubic
polynomial in the fiber coordinates (4.3). This time however we must specify base dependent
sections si that are not generic cubic functions in the yi anymore but are restricted such that
they transform in a well defined way under the Γ3 action as we have presented in Section 2.
See their explicit form eq. (B.1) in Appendix B. The general structure of the fiber equation
stays invariant:
P =s
(0)
1 x
3
0 + s
(2)
2 x
2
0x1 + s
(1)
3 x0x
2
1 + s
(0)
4 x
3
1 + s
(1)
5 x
2
0x2
+ s
(0)
6 x0x1x2 + s
(2)
7 x
2
1x2 + s
(2)
8 x0x
2
2 + s
(1)
9 x1x
2
2 + s
(0)
10 x
3
2 .
(4.28)
We have added a superscript s(j) that denotes the weight of the base sections si under the Γ3,b
action in the base as
s
(j)
i → (Γ3,b)js(j)i . (4.29)
In order to identify the behavior of the fiber close to the fixed points we choose a coordinate
patch including the fixed point by using the C∗ action to fix the coordinate dependence such
as
(y0, y1, y2) = (1, u, v) (4.30)
35
that are local coordinates on C2/Γ3,b i.e. we still have the additional phase identification
(1, u, v) ∼ (1,Γ3u,Γ23v) with the orbifold singularity at the origin. Choosing a radial coordinate
of the form (1,Γk3z,Γ2k3 z) the sections s
(j)
i factor as:
s
(0)
1 → sˆ1 , s(2)2 → Γ2k3 zsˆ2 , s(1)3 → Γk3zsˆ3 , s(0)4 → sˆ4 , s(1)5 → Γk3zsˆ5 ,
s
(0)
6 → sˆ6 , s(2)7 → Γ2k3 zsˆ7 , s(2)8 → Γ2k3 zsˆ8 , s(1)9 → Γk3zsˆ9 , s0)10 → sˆ10 ,
(4.31)
with sˆi being Γ3 invariant non vanishing functions at z → 0 for generic complex structures. In
this parametrization it is easy to see that that all sections si that transform non-trivially under
the Γ3 action vanish at the fixed point for z → 0. Hence the fiber equation over any fixed point
in the base becomes
Pfpb = sˆ1x
3
0 + sˆ4x
3
1 + sˆ10x
3
2 + sˆ6x0x1x2 . (4.32)
with sˆi being generic coefficients. Moving onto a fixed point in the fiber ambient space
(x0, x1, x2) = (0, 0, 1) we indeed find that the coefficients sˆi prevent the ambient space sin-
gularity to hit the CY hypersurface P = 0 which justifies the computation of Hodge and Euler
numbers. However we also observe, that we can tune in those ambient space singularities by
choosing one of the sections sˆi for i = 1, 4, 10 to vanish over z → 0.
As the CY hypersurface is still a generic cubic in the fiber coordinates xi, this is a genus
one fibered smooth CY and therefore F-theory should be well defined. First we find, that after
mapping the s(j)i into Weierstrass coefficients using eqn. D.2 in Appendix D that f and g are
invariant well defined sections14 under the Γ3 action.
The fibers over the fixed points in the base are multiple in the sense that they are non-
reduced copies nE of a smooth genus one curve, E . Intuitively the multiple fibers arise from the
fact that away from the fixed point, the group action in (4.18) maps three distinct torus fibers
into one another, while over the fixed points, a single torus is mapped to itself three times,
as illustrated in Figure 9. This action locally behaves as a translation along an elliptic fiber
(locally the tri-section is identical to three honest sections since the fixed points are generically
far away from any branch loci in the multi-section), a classic origin of multiple fibers in algebraic
geometry [59]. More explicitly, the multiple nature of the fiber can be seen by residual Z3 scaling
freedom in the fiber. As this discussion is rather lengthy, we defer it to Appendix E where it is
described in detail. It should be noted that the techniques used to verify the existence of the
multiple fibers in Appendix E can also be applied to the standard Z2 quotient of a K3 surface
which leads to an Enriques surface, where we can also reproduce the standard result of two
multiple fibers.
We should also note that the multiple fiber is not visible from the Jacobian. There the fiber
itself is smooth over the fixed points in the base where the fiber obtains the form (4.32). We
14Also the Weierstrass coordinates x, y, z of P2,3,1 in the Jacobian are Γ3 invariant.
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Figure 8: Behavior of the multi-sections on the covering geometry with the Z3 symmetry. On
what will become the fixed point, denoted as a red dot, the three-section is mapped into itself by
the Γ3,f rotation. At a generic point on the covering base, this translation does not persist.
find the Weierstrass coefficients to be
f =
1
48
sˆ6(216sˆ1sˆ4sˆ10 − sˆ36) ,
g =
1
864
(sˆ66 + 540sˆ1sˆ4sˆ10sˆ
3
6 − 5832sˆ210sˆ21sˆ24) ,
∆ =
1
16
sˆ1sˆ4sˆ10(sˆ
3
6 + 27sˆ1sˆ4sˆ10)
3 .
(4.33)
and hence non-vanishing. We find that one obtain an I1 fiber when one tunes one of the ambient
space fixed points onto the CY by requiring sˆi → 0 for i = {1, 4, 10}.
4.1.5 Quotient action on the multi-section
Let us consider at this point the explicit form of the three-section and its behavior when we go
from the covering to the quotient geometry and discuss the action on the fiber in some more
detail.
From the cubic equation of the fiber of the covering space in (4.3) we pick the multi section
x1 = 0 with equation:
Px1=0 = s1x
3
0 + s10x
2
2s5x
2
0x2 + s8x0x
2
2 , (4.34)
which admits three roots if we want to solve the system, say in x0. These three roots generically
get interchanged by moving around the base. Moving onto a Γ3,b fixed point in the base, the
sections si become constant enforcing a non trivial Γ3,f action on the fiber in order to avoid
fixed fibers. This action acts as a translation on the fiber as
xi → xiΓi3,f with Γ3,f = e
2pii
3 . (4.35)
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Figure 9: Depiction of the genus one fiber in the quotient geometry. Moving onto the fixed
point in the base, brings the thee three-section together and produces a multiple fiber such that
the total space is smooth.
The translation becomes a symmetry precisely when s5 = s8 = 0 which is the behavior we
obtained and here Equation (4.34) becomes
P = sˆ4x
3
0 + sˆ10x
3
2 , (4.36)
and thus the three solutions
x
(3),r
0 = {(
sˆ4
sˆ10
)1/3 Γr3,f x2} , (4.37)
labeled by r = 0, 1, 2 get related by the action of Γ3,f . Let us now consider the action away
from the fixed points. First there, the sections transforms non-trivially under Γ3,b in order to
obtain an invariant hypersurface (4.3). Thus on a generic point on the P2 covering space we
rotate by Γ3,b and find that the accompanied Γ3,f action indeed preserves the three-section of
Equation 4.34. We have depicted the geometry of the fibration from the perspective of the
covering geometry, with the Z3 symmetry of the multi-section in Figure 8.
When taking the Γ3 quotient, the Γ3 symmetry of the three-sections becomes an identifi-
cation. Hence over a fixed point in the base the three-sections come together to form a three
multiple fiber as depicted in Figure 9.
4.1.6 Spectrum of the quotient geometry
After having discussed the geometry of the genus one fiber over the fixed points, we turn to the
associated spectrum. As we showed before, the spectrum is fully fixed once we know the classes
of the base line bundles s7 and s9 and K−1b and insert them into the respective formulas, given
in (4.16). This time however, s(2)7 and s
(1)
9 although being degree three polynomials in the yi are
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not Γ3,b invariant sections. This in particular implies, that they vanish over the fixed points and
are therefore not Cartier divisors anymore as we have argued already in Section 2.3. However
as they are both degree three polynomials in the base, we denote their class as S7 = S9 = K−1B
by abuse of notation. However we should keep in mind that their class is actually non-Cartier
unlike the anticanonical class of the base. Using these classes we can compute the multiplicity
of discrete charged matter as (4.16) using the intersection numbers (K−1b )
2 = 3 resulting in the
following spectrum
6-d Rep. Geometric Intersection Multiplicity
11 21(K
−1
b )
2 63
10 h
2,1(X) + 1 30
V h1,1(X)− h1,1(B)− 1 0
T(2,0) 9− (K−1b )2 6
T(1,0) h
1,1(B)− 1 0
. (4.38)
The number of discrete charged states thus gets divided by three, which is intuitively clear
as none of them resides on a fixed point and the fundamental domain of the P2 gets reduced.
Again, we check for the consistency by checking the gravitational anomalies:
H − V + 29T − 273− 30T(2,0) = 0 ,
As expected all anomalies cancel due to the contribution of the three fixed points that each
support two (2,0) tensors at (y0, y1, y2) = (0, 0, 1):
X/Γ3
pi−→ P2/Γ3,B . (4.39)
Again we note, that the whole fibration X/Γ is smooth, while the base (which is the physical
space of F-theory) is not. Hence these singularities signal the presence of additional light
string states from M5 brane stacks that support (2,0) superconformal tensor multiplets [5]. In
the following sections we consider various phases of the quotient fibration that are connected
by conifold transitions i.e. by tuning of complex structure coefficients and subsequent toric
resolutions. Note that every resolution breaks the pi1 to a trivial group but the additional
matter we find will give a hint of the symmetry of the quotient geometry.
4.1.7 Hyperconifold resolution of the fixed points
We fix the fiber coordinates of an ambient space fixed point to (x0, x1, x2) = (0, 0, 1) using the
residual C∗ action and obtain for the CY hyper surface:
P = y30a0 + y
3
1a3 + y
3
2a6 + y0y1y2a26 . (4.40)
Each of the three coefficients a0, a3 and a6 should be non-vanishing in order that the hyper-
surface does not intersect the (y0, y1, y2) = (0, 0, 1) fixed points. By tuning a0 → 0 the CY
becomes singular and we reach a hyperconifold point which can be resolved by two blow-up
divisors e1,1, e1,2 leading to a smooth CY with Hodge numbers
(h1,1, h2,1)χ = (4, 28)−48 , (4.41)
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This threefold has reduced first fundamental group pi1(X) = 1.
Similarly we can tune the other two ambient space singularities to coincide with the CY
hypersurface and resolve with two additional divisors for each. Luckily there exists a nice toric
description of these blow-ups directly in the the ambient space parametrized by the polytope
∆ spanned by the vertices:
x0 x1 x2 y0 y1 y2 e1,1 e1,2 e2,1 a2,2 e3,1 a3,2
1 0 -1 0 1 -1 1 0 0 0 1 1
0 1 -1 0 -1 1 0 1 1 1 0 0
0 0 0 1 1 -2 0 -1 -1 0 1 1
0 0 0 0 3 -3 1 -1 -2 -1 1 2
. (4.42)
From 3295 triangulations we chose one with the following Stanley-Reisner ideal
SRI : {x0e32, x2e11, y0e11, e11e21, e11e22, x2e12, y0e12, e12e22, e12e31, e12e32, x2e31, y2e31,
e21e31, x2e21, y1e21, e21e32, x2e22, y1e22, e22e32, x2e32, y2e32, x0x1x2, x0x1y0, x0x1y1,
x0x1y2, x0y1e12, x1y2e11, x1y1e31, x1y0e21, x0y2e22, y0y1y2} .
(4.43)
The CY hypersurface constructed from ∆ admits the Hodge numbers:
(h1,1, h2,1)χ = (8, 26)−36 . (4.44)
This geometry is now simply connected and still genus one fibered, albeit over a different base.
Hence we still expect to have a Z3 discrete symmetry. The fiber admits the following expression
p =e1,1e2,1e3,1d1x
3
0 + e1,1e1,2e2,1e2,2e3,1e3,2d2x
2
0x1 + e1,1e1,2e2,1e2,2e3,1e3,2d3x0x
2
1
+ e1,2e2,2e3,2d4x
3
1 + e1,1e2,1e3,1d5x
2
0x2 + d6x0x1x2 + e1,2e2,2e3,2d7x
2
1x2 + d8x0x
2
2 + d9x1x
2
2 + x
3
2d10 .
(4.45)
In particular, we observe a factorization of the sections of the base si that factor out resolution
divisors Ei,j. Note that in particular the last coefficient
d10 = y0y1y2a26 , (4.46)
is non vanishing and we therefore sill preserve the form of a generic cubic without a section.
Moreover the projection to the base is given by the toric morphism inherited from the ambient
space piB that projects the vertices vi ∈ ∆ onto their last two coordinates. Thus, we find the
ambient space to be dP6 consistent with the six blow-ups we performed. A depiction of the
2d polytope of the base is given in Figure 11. For convenience we repeat the computation of
the base cohomology and intersections of Section 2. From the polytope we calculate the full
cohomology generated by y2 and the ei,j where y0 and y1 are linear equivalent to
[y0] ∼ [y2 + 1/3e1,1 + 2/3e1,2 + 1/3e2,1 − 1/3e2,2 − 2/3e3,1 − 1/3e3,2]
[y1] ∼ [y2 − 1/3e1,1 + 1/3e1,2 + 2/3e2,1 + 1/3e2,2 − 1/3e3,1 − 2/3e3,2] .
(4.47)
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Figure 10: The polytope of the resolved dP6 base as given in (4.42). The blow-up vertices of
the hyperconifold are red dotted.
With this information it is easy to see that the curves in the base have genus given as
Dyi : g = 1 Ei,j : g = 0 , (4.48)
where we have used that the anticanonical class of the base is equivalent to:
K−1B = [3y2 + e1,1 + 2e1,2 + 2e3,1 + e3,2] , (4.49)
with (K−1B )
2 = 3 which has unchanged intersection numbers, as it is a Cartier divisor. This
blow-up changes the base dependency and therefore also the spectrum of the theory. Making use
of the general formulas (4.8) we can compute the full spectrum together with an identification
of the base classes in front of the x21x2 and x1x22 monomials that are the sections s7 and s9 that
we identify according to the conventions in [6] as the base classes
S9 =[3y2 + 1/3e1,1 + 5/3e1,2 + 4/3e2,1 + 2/3e2,2 − 2/3e3,1 − 1/3e3,2] , (4.50)
S7 =[3y2 + 2/3e1,1 + 7/3e1,2 + 5/3e2,1 + 4/3e2,2 − 1/3e3,1 + 1/3e3,2] . (4.51)
Those classes admit the linear equivalences and intersections:
2K−1b − S7 − S9 ∼ [e1,1 + e2,1 + e3,1] ,
2S7 − S9 −K−1b ∼ [e1,2 + e2,2 + e3,2] ,
2S9 − S7 −K−1b ∼ [+e1,1 + e2,1 + e3,1e1,2 + e2,2 + e3,2] ,
S7K−1b = S9K−1b = (K−1b )2 = 3 ,
S7S7 = S9S9 = 1 ,
S7S9 = 2 .
(4.52)
We remark, that the classes S7 and S9 have different intersection numbers now, which is consis-
tent with the fact that they are non-Cartier divisors on the quotient geometry. Those classes,
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together with (4.49) can be plugged into (4.8) which yields the spectrum:
Multiplet Multiplicity
11 72
10 27
V 0
T(1,0) 6
(4.53)
Indeed, the above spectrum cancels the gravitational anomaly and therefore captures all mass-
less degrees of freedom. Some comments are in order concerning the form of the blow-up
divisors in the hypersurface equation (4.45). Indeed, by plugging this form into the equations
for the associated Weierstrass form, we obtain the following dependencies on the discriminant
to leading order in the blow-up divisors
∆ = e1,1e1,2e2,1e2,2e3,1e3,1
(
P1 +O((e1,1e1,2e2,1e2,2e3,1e3,1)2)
)
, (4.54)
with the polynomial
P1 = (−d10d36 − d6d7d28 + d4d38 + d26d8d9) . (4.55)
In particular we find an A1 locus at the collision points of two blow-up divisors, such as ei,1 =
ei,2 = 0. Hence over these toric loci we expect charged matter which can be confirmed by
imposing the same locus in equation (4.45), say e1,1 = e1,2 = 0, which yields a factorized fiber
equation
p = x2(dˆ6x0x1 + dˆ8x0x2 + dˆ9x1x2 + d10x
2
2) . (4.56)
The multi-section equips us with a charge generator, in analogy to the Shioda-map σ(si), which
for this case is given15 as
σZ3 = [x0] . (4.57)
Intersecting the reducible curves of the fiber with σZ3 computes the discrete 6-dimensional
charge of the associated hypermultiplets, which yields the equivalent degrees of freedom of
charge one and two, which is also the only non-trivial charge possible. Besides those toric loci,
we also find discrete charged states over each of the resolution P1’s of the fixed points which is
depicted in Figure 11 which can be found at the vanishing of ei,j = P1 = 0. Solving P1 = 0 for
d9 and inserting those constraints into the cubic yields the desired factorization of the genus
one curve into two P1’s
p|ei.j=P1=0 =
(d6x1 + d8x2)(d4d6d8x
2
1 + d
2
6d8x0x2 + d6d7d8x1x2 − d4d28x1x2 + d10d26x22)
d26d8
. (4.58)
Again the two fibral curves result in hypers of charge one and two as before. We summarize
15Note that we have left out any potential base divisor parts.
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Figure 11: Intersections of toric Base divisors before and after the blow-up of the P2/Z3 base.
Each tensor branch consists of three Z3 charged singlets.
the change of the total spectrum that we have induced by the hyperconifold transition again
6-d Rep. Multi.
11 63
10 30
V 0
T(1,0) 0
T(2,0) 6
Hyperconifold−−−−−−−→
Multi.
72
27
0
6
0
. (4.59)
Before we deform the theory further to a U(1) gauge theory, we summarize the F-theory picture
we obtain when deforming back to the deformation phase of the hyperconifold. In the F-theory
picture we take the limit to a singular base which however admits a smooth CY resolution
by multiple fibers over the fixed points. As there have been discrete charged states over the
resolution divisors, those form new states with the collapsing tensor multiplets. The change
in the spectrum suggests that one linear combination of the discrete charged hypermultiplets
forms a new neutral hyper whereas two others combine with the tensors to A2 superconformal
matter.
4.1.8 Un-Higgsing to an elliptic fibration
In the next step we want to further deform the above geometry to an elliptic fibration that
admits a section as well as a non-trivial Mordell-Weil group. For this we can build upon the
configuration that we had before and tune the coefficient d10 = y0y1y2b24 to zero which can be
achieved by a single complex structure deformation. The blown-up ambient space is given by
the reflexive hull of the polytope spanned by the following vertices
x0 x1 x2 y0 y1 y2 e1,1 e1,2 e2,1 a2,2 e3,1 a3,2 e1
1 0 -1 0 1 -1 1 0 0 0 1 1 1
0 1 -1 0 -1 1 0 1 1 1 0 0 1
0 0 0 1 1 -2 0 -1 -1 0 1 1 0
0 0 0 0 3 -3 1 -1 -2 -1 1 2 0
, (4.60)
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with a choice of a triangulation resulting in the Stanley-Reisner ideal
SRI : {x0x1, x0e32, x2e11, x2e12, x2e21, x2e22, x2e31, x2e32, x2e1, y0e11, y0e12, y1e21, y1e22,
y1e1, y2e31, y2e32, e12e31, e21e31, e22e31, e11e21, e12e21, e21e32, e11e22, e12e22, e22e32,
e12e32, x0y1e12, y0y1y2, x0y2e22, y0y2e1, x1y1e31, x1y0e21, y0e21e1, y2e22e1
, y0e32e1, x1y2e11, y2e11e1, x1e11e31} .
(4.61)
The additional divisor e1 = 0 is a rational section of the elliptic fibration, that admits the
Hodge numbers
(h1,1, h2,1)χ = (9, 25)−32 , (4.62)
as expected. The fiber equation becomes a restricted cubic in the xi given as
p =e1,1e2,1e3,1d1e
2
1x
3
0 + e1,1e1,2e2,1e2,2e3,1e3,2d2e
2
1x
2
0x1
+ e1,1e1,2e2,1e2,2e3,1e3,2d3e
2
1x0x
2
1 + e1,2e2,2e3,2d4e
2
1x
3
1 (4.63)
+ e1,1e2,1e3,1d5e1x
2
0x2 + d6e1x0x1x2 + e1,2e2,2e3,2d7e1x
2
1x2 + d8x0x
2
2 + d9x1x
2
2 .
We compute the change in spectrum by the identification of the divisor classes as in (4.50) and
insert them in the general expressions (4.16) to obtain the spectrum
6-d Reps Multi.
13 2
12 18
11 54
10 26
V 1
T(1,0) 6
(4.64)
consistent with all anomalies. The spectrum above is consistent with the Higgsing back to the
genus one fibration induced by 〈13〉 6= 0. The two singlets then become the Goldstone mode for
the massive U(1) vector and the additional neutral singlet in the genus one geometry. Also the
multiplicity of the discrete charged singlets is matched with those in the genus one geometry.
Again, singlets of U(1) charge one are located at the intersection of the Z3 resolution divisors.
However, now we have an elliptic fibration with a non-trivial Mordell-Weil rank for which we
redo the computation of the matter on the resolution divisors as a consistency check.
4.1.9 Location of charged matter
In the following we want to re-compute the matter loci over the orbifold resolution divisors
that are affected when going back to the A2 tensor branch. In the case of the above mentioned
U(1) theory, those loci have been analyzed in [6] by a prime ideal decomposition of the rational
sections in Weierstrass form.
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We start by listing those loci for the charge one, two and three singlets whose general mul-
tiplicity we have computed in the section before . They are summarized in the following table:
singlet constraint
13 V (I3) : {s8 = s9 = 0}
12 V (I2) : {s4s38 − s3s28s9 + s2s8s29 − s1s39
= s7s
2
8 + s5s
2
9 − s6s8s9 = 0}
(s8, s9) 6= (0, 0)
11 V (I1) : {y1 = fz41 + 3x21 = 0}/((V (I1)&V (I2))
(4.65)
where the Weierstrass coordinates of the rational section (y1, x1, z1) are given in the Appendix
B of [6]. In the following we discuss the three ideals in more detail and determine whether their
associated matter is located over the A2 resolution divisors or not.
• I3 locus: Imposing the ei,j = 0 on the I3 locus and imposing the SRI results in two
constant non-vanishing functions for a generic complex structure. Hence there is no
charge three matter found over these loci and hence those states are located far away
from the A2 singularity and its resolution.
• I2 locus: For the charge two matter the situation is very similar and we find i.e. for
e1,1 = 0 and using the SRI, the two functions to be of the form:
I2|e1,1=0 = {e1,2a1a321 , a21(−y1a9a13 + e1,2a20a21 − e1,2a9a28)} , (4.66)
which also admits no solution that is codimension two in the dP6 coordinates.
• I1 locus: Here we do find a solution, which can be seen by imposing again e1,1 = 0
where the ideal becomes of the form:
I1|e1,1=0=0 = {e1,2a1a521Q1(y1, e1,2)Q2(y1, e1,2) , e1,2a1a621Q1(y1, e1,2)Q3(y1, e1,2} (4.67)
with Qi(y1, e1,2) being degree i polynomials in y1 and e1,2. The two solutions are
Q1(y1, e1,2) = (y1a
2
9a13 − ea02 a9a20a21 + e1,2a1a221 + e1,2a29a28) = 0 . (4.68)
Hence we find one charge state at the intersection of the two P1’s and another one over a
non-toric locus just like in the higgsed case.
The above calculations show that each resolved A2 singularity in the base actually carries three
charged singlet states with minimal charge: One located over each P1 and another one at their
intersection just as in the Z3 case. We summarize the whole flow of geometries and their
respective 6-dimensional F-theory spectra in Figure 12.
Finally we note that in the U(1) theory we considered the height pairing, given as
b11 = −2(3K−1b + S7 − 2S9) .
is actually not a Cartier divisor when taking the singular limit of the base. This is because
S7 − 2S9 is exactly the sum of the classes of the Z3 resolution divisors b11 as can be seen from
Equation 4.52. Thus if we do not Higgs the above theory we can couple the U(1) theory to the
A2 (2,0) points.
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Figure 12: The genus one fibered geometry of the bicubic-quotient and its transition to an
elliptic fibration from top to bottom crossing three hyperconifold transitions. The 6-dimensional
spectrum is highlighted in every step.
4.2 Example 2: Threefold in (P1,1,2 × F0)/Z2
The second example we chose admits a Z2 gauge symmetry and four A1 (2,0) points in the
base but in addition it also admits a non-Abelian SU(2) gauge symmetry which gives it more
structure than the example we have studied before. In the following we go again through the
explicit construction of the quotient geometry and follow the change of the spectrum. Finally
we perform the hyperconifolds and check that the tensor branch of the (2,0) theories admits
additional purely discrete charged hypermultiplets consistent with anomaly cancellation.
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4.2.1 The Geometric setup
For the sake of keeping the discussion short we go to the quotient geometry X̂ straight away16
which is given by the toric hypersurface in the (P1,1,2 × F0)/Z2 ambient space that is encoded
in the polytope generated by the following vertices
X Y Z e1 x t y s
-1 -1 1 -1 0 0 0 0
1 -1 0 0 1 -1 0 0
0 0 0 0 -1 1 -1 1
0 0 0 0 0 0 2 -2
. (4.69)
The first four coordinates are those of P1,1,2 whereas the second four parametrize F0. From the
ambient space we find the toric morphism φ
φ : C8 → { Z
XY e1
,
Xx
Y t
,
ts
xy
,
y2
s2
} , (4.70)
whose kernel generates the usual four C∗ identifications of P1,1,2 and F0. However, in addition,
we also find the discrete Γ2 identification:
Γ2 : (X, Y, Z, e1;x, t, y, s) ∼ (Γ2X, Y,Γ2Z, e1; Γ2x, t,Γ2y, s) , (4.71)
with γ22 = 1. This geometry admits the same standard Stanley Reisner ideal as we would have
for the direct product manifold
SRI := {XY,Ze1;xt, ys} , (4.72)
but admits 16 fixed points in total that come as the combinations:
(X,Z, Y, e1;x, t, y, s) = (0, 1, 0, 1; 0, 1, 0, 1) , (4.73)
using the SRI and the C∗ transformations to set the residual coordinates to one. The CY
hypersurface X̂ ⊂ (P1,1,2×F0)/Γ2 misses those fixed points as we will discuss momentarily and
the Hodge numbers are given by
(h(1,1)(X̂), h(2,1)(X̂))χ = (4, 36)−64 . (4.74)
These are indeed the expected Hodge numbers when we compared to the the covering CY
X ⊂ (P1,1,2 × F0) geometry
(h(1,1)(X), h(2,1)(X))χ = (4, 68)−128 . (4.75)
Due to the two different ambient factors before quotienting, we actually have two choices to
pick a genus one fibration. We start by picking the P1,1,2 as the fiber ambient space whereas
16The polytope of the covering CY, X can be obtained by giving the base coordinates of F0 trivial legs in the
fiber such that the polytope coordinates become block diagonal.
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the second one is presented in Section 4.3. The CY hypersurface in terms of fiber coordinates
has been discussed several times in the literature already [6, 8, 10, 13] and is given by
p = d
(+)
1 e
2
1X
4 + d
(−)
2 e
2
1X
3Y + d
(+)
3 e
2
1X
2Y 2 + d
(−)
4 e
2
1XY
3 + d
(+)
5 e
2
1Y
4 + d
(−)
6 e1X
2Z
+ d
(+)
7 e1XY Z + d
(−)
8 e1Y
2Z + d
(+)
9 Z
2 ,
(4.76)
where the d(±)i are sections in the anticanonical class of the base that transform even or odd
under the Γ2,b action on the base. Similarly as in the first example all odd sections d
(−)
i vanish
over a fixed point in the base where the fiber attains the form
p = dˆ1e
2
1X
4 + dˆ3e
2
1X
2Y 2 + dˆ5e
2
1Y
4 + dˆ7e1XY Z + dˆ9Z
2 , (4.77)
while the dˆi are non-vanishing for generic complex structures. Hence we find that the sections
dˆi with i = 1, 3, 5, 9 prevent the singularities to lie on the hypersurface. Smoothness of the fiber
is readily checked by the following generically non-vanishing discriminant
∆ = −(1/16)dˆ1dˆ5dˆ29(−dˆ47 + 8dˆ3dˆ27dˆ9 − 16dˆ23dˆ29 + 64dˆ1dˆ5dˆ29)2 . (4.78)
4.2.2 Spectrum and hyperconifold tensor branch
The spectrum associated to the geometry described in the previous Subsection can be computed
by using the general results given in [6]. The gauge group of this genus one geometry is given as
SU(2)× Z2. Indeed, the locus d(+)9 = 0 gives an SU(2) singularity that is resolved by e1 in the
fiber but does not cross any of the base fixed points as it transforms as an even section under
the base Γ2 action. In addition we find several discrete charged singlet states located away
from the fixed points. The general formulas for the spectrum computation and four different
geometries are summarized in Table 1. We would like to contrast the tensor branch of the A1
theories which we obtained by the hyperconifolds, with that of a direct product manifold listed
as the last row in Table 1 that lacks the additional discrete charged states. In the computation
of the charged spectrum we used S7 = S9 = K−1b for the (un-)quotiented geometry with the self
intersection (K−1b )
2 = (8)4. We note again, that we used the general formulas of the discrete
charged matter spectrum, obtained in [6], with the identification
[d
(+)
7 ] ∼ K−1b , [d(−)8 ] ∼ S7 , [d(−)2 ] ∼ 2K−1b − S9 . (4.79)
Similar to what we have described in the case of the bicubic quotient, we find that S7 and S9
are degree (2, 2) non-Cartier divisors in the base, unlike K−1b . However, by abuse of notation
we set their classes to be equal when computing their intersections in Table 1.
Note that all spectra satisfy all gauge and gravitational anomalies (C.1) listed in Ap-
pendix C.
In the following we want to comment on the resolution of the (2, 0) subsectors and the lo-
cation of the newly appearing discretely charged matter states over the blow-ups, which is the
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Multiplicities
Generic Base
Ambient Space Geometry
State P1,1,2 × F0 (P1,1,2×F0)Z2
(P1,1,2×F0)
Z2
HC
(P1,1,2 ×BL4F0)
H21
6(K−1b + 2S7 − 2S9)
×(K−1b − S7 + S9)
48 24 24 24
H12
6(K−1b )
2 + 13K−1b S7 − 3S27
−5K−1b S9 − 2S7S9 + S29
80 40 48 40
H30 1 +
1
2
(K−1b − S7 + S9)(S9 − S7) 1 1 1 1
H10 - 69 37 33 41
V 3 3 3 3 3
T(1,0) h
1,1(B)− 1 1 1 5 5
T(2,0) 10− h1,1(B)−K2b 0 4 0 0
Table 1: Spectra of four genus one fibrations with (SU(2) × Z4)/Z2 gauge group and their
ambient spaces. We compare covering geometry, quotient, hyperconifold tensor branch and
highlight the change in spectrum. This is contrasted to the spectrum of a regular A1 tensor
branch theories given in the last column.
main difference to ordinary A1 (2,0) superconformal points. For this we tune the following four
ambient space fixed points
(X, Y, Z, e1;x, y, s, t) = (0, 1, 0, 1; 0, 1, 0, 1); (4.80)
onto the CY hypersurface which amounts to tune the complex structure coefficients ai in
d+5 = x
2t2a1 + y
2x2a2 + s
2t2a3 + y
2s2a4 + stxyb , (4.81)
to zero and then resolving17 the singular CY. This choice leads to a new polytope spanned by
the following vertices
X Y Z e1 x t y s e1,1 e2,1 e3,1 e4,1
-1 -1 1 -1 0 0 0 0 0 0 0 0
1 -1 0 0 1 -1 0 0 1 1 0 0
0 0 0 0 -1 1 -1 1 0 -1 0 1
0 0 0 0 0 0 2 -2 -1 1 1 -1
. (4.82)
A choice of some triangulation yields a Stanley-Reisner ideal of the form
SRI : {XY,XZ,Ze1, e1e1,1, e1e2,1, e1e3,1, e1e4,1, xt, xe3,1, xe4,1, ys, ye1,1,
ye4,1, se2,1, se3,1, te1,1, te2,1, Y e2,1, e2,1e4,1, Y e1,1, Y e3,1, Y e4,1} ,
(4.83)
and the Hodge numbers
(h(1,1), h(2,1))χ = (8, 32)−48 . (4.84)
17Tuning the b coefficient to zero as well creates a section, and the blow-up of the the singular model results
in the familiar Bl1P1,1,2 model of [54] with U(1)× SU(2) gauge group.
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Figure 13: The polytope of the resolved F0/Z2 base. Resolution divisors are highlighted by red
dotted vertices.
The base can be identified via the projection of the polytope onto the last two coordinates
which gives the toric diagram of a resolved F0/Z2 as shown in Figure 13.
Upon the shown resolution, the sections di of the genus one curve factor out ei,1 coordinates in
the following way
d1 → e1,1e2,1e3,1e4,1dˆ1, d2 → e1,1e2,1e3,1e4,1dˆ2, d3 → dˆ3,
d4 → dˆ4, d5 → dˆ5 d6 → e1,1e2,1e3,1e4,1dˆ6,
d7 → dˆ7, d8 → dˆ8, d9 → dˆ9
(4.85)
Again we want to compute the full spectrum on this geometry but we are particular interested
if there are new multiplets over the resolution divisors which we can find by inserting the above
factorization into the Jacobian of P1,1,2 given in Appendix D. The discriminant then obtains
the following form introducing the collective notation D = ∑i ei,1
∆ = D
(
R dˆ9Q
3 +O(D2)
)
, (4.86)
whereas R and Q are polynomials in the di and d9 = 0 is the locus of the aforementioned SU(2)
gauge symmetry. The singlets are found18, where the I1 fiber enhances to I2 which exactly
happens for D = R = 0. Thus the singlets reside where also the polynomial R vanishes which
is explicitly given as
R = −dˆ4dˆ7dˆ8 + dˆ3dˆ28 + dˆ24dˆ9 + dˆ5dˆ27 − 4dˆ3dˆ5dˆ9 . (4.87)
As the resolution divisors within D do not intersect the SU(2) divisor in the base dˆ9 = 0 we
can solve the above locus R = 0 for dˆ9 and insert this solution over the blow up divisors D = 0
into the fiber equation (4.77) using the factorization of the blow-up divisors which results in a
18The A = Q = 0 is a (2, 3, 4) point and carries no matter.
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fiber of form:
p|A=R=0 =
e21Y
2(dˆ3X
2 + Y (dˆ4X + dˆ5Y )) + e1Y (dˆ7X + dˆ8Y )Z + ((−dˆ5dˆ27 + dˆ8(dˆ4dˆ7 − dˆ3dˆ8))Z2)
(dˆ24 − 4dˆ3dˆ5)
,
(4.88)
which indeed can be represented a reducible polynomial of the form
Pˆ = (Z + e1Y (β1Y + β2X))(β3Z + e1Y (β4Y + β5X)) (4.89)
which admits solutions for the βi in terms of dˆi that have a Z2 monodromy that interchanges
the two P1’s around the locus d = 0 with
d = (dˆ24 − 4dˆ3dˆ5)(−2dˆ5dˆ7 + dˆ4dˆ8)2. (4.90)
Hence as expected the fiber in (4.89) splits into two P11/2 that are both in the same fibral
homology class
P11/2 ∈ [Z] . (4.91)
The multi-section generator, which can be written as
σZ4 = [Z] , (4.92)
intersects the two matter P11/2 curves indeed 2 times and hence the discrete charged singlets19
have charge 2. The multiplicities can again be obtained by reading off S7 and S9 along the
conventions of [6] that are given as
S7 ∼ S9 =[2t+ y + e3,1 + e4,1 + s] , (4.93)
using linear equivalence. From the SRI that is easily read off from the toric diagram in Figure 13
we deduce the relevant intersections:
(Kb)
2 =K−1b S9 = 4 , S27 = 2 , [ei,1]S7 = 1 , (4.94)
which is enough to compute the spectrum given in Table 1. Again we remark, that the change
in the intersection numbers results from the fact that S7 and S9 were non-Cartier on the orbifold
base. Let us finally return to the I2 loci of the discrete charged matter. Here we have found
the polynomial R1 which can be written to be in the class
[R1] ∼ [3S7 − S9 +K−1b ] . (4.95)
Hence, using the intersections in (4.94) we find
[ei,1][R1] = 2 , (4.96)
and thus exactly two discrete charged matter states over each of the four resolution divisors as
depicted in Figure 14.
19To be precise we have not a Z4 discrete symmetry but an (SU(2)×Z4)/Z2 symmetry due to an non-trivial
SU(2) center [61–63] that mixes with the two-section.
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Figure 14: Intersections of toric divisors for singular and resolved F0/Z2 base. In red we
denote the orbifold fixed points and their resolution divisors. After resolution we find two
discrete charged matter states per −2 curve.
4.2.3 Tuning an SU(2) collision
In the following we want to tune in some additional singularities onto the fixed points, which
we do in the fully resolved CY. Our first example is to tune the SU(2) divisor d+9 = 0 given as
d+9 = x
2y2a9,1 + t
2y2a9,2 + s
2x2a9,3 + t
2s2a9,4 + stxyb9 , (4.97)
onto the x = y = 0 fixed point by tuning a4 → 0 in addition to the hyperconifolds that we
considered above. The resulting SU(2) singularity over the -2 curve in the base is, as expected,
over the e2,1 = 0 divisor in the base and can be resolved by adding the vertex
ve2,2 = (−1, 1,−1, 1) . (4.98)
Actually we can also understand this deformation as another hyperconifold, where the resolution
divisors in the base do not subdivide a cone but restrict onto a divisor that was already present
before as discussed in Section 3.2. This deformation changes the geometry such that d9 = 0
becomes a genus 0 curve of self intersection −2. Moreover also the two discrete charged singlets
on e3,1 = 0 are now gauge enhanced to bifundamentals, as d9 = 0 intersects e3,1 = 0 two times.
The full spectrum is given in the following table and is fully consistent with all anomalies and
depicted in Figure 15.
6-d Rep. Multi.
(2,1)1 24
(2,2)1 2
(1,1)2 46
(1,1)0 32
V 6
T(1,0) 5
. (4.99)
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Figure 15: Matter locations after the blue SU(2) curve on the green resolution −2 curve, which
gets gauge enhanced to SU(2) as well. The former discrete charged singlet states enhance to
bifundamental matter at the intersection.
4.2.4 The U(1) un-Higgsed theory
Another phase can be obtained by tuning in a section which un-Higgses the Z to a U(1). This
can be achieved tuning d5 → 0 which amounts to set the residual b coefficient in Equation (4.81)
and resolve. In terms of the ambient space we add the vertex v = (0, 1, 0, 0) which blows-up the
fiber ambient space to BL1P1,1,2 which is the prototype of an elliptic fibration with Mordell-Weil
rank one. The full CY hypersurface Ŷ has the following Hodge numbers
(h1,1(Ŷ ), h2,1(Ŷ ))χ = (9, 31)−44 , (4.100)
as expected. Again, this theory admits two hypers that have charge q = 4 under the U(1)
whose VEV triggers the Higgsing to the discrete symmetry when performing the conifold. The
spectrum is free of all anomalies which can be checked by incorporating the new height pairing
b11 with the class
b11 =
3
2
K−1b +
5
2
S7 − 1
2
S9 ,
=[7x+ 2t+
7
2
e3,1 + 5e4,1 + 5s+
3
2
e1,1] .
(4.101)
Indeed we find that the height pairing contains fractional parts of resolution divisors and is not
Cartier when we go back to the singular base. Hence again this model opens up the possibility
to construct a strongly coupled sector with U(1) charged superconformal matter.
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4.3 Example 3: Threefold in (F0 × P1,1,2)/Z2
The final example is the same geometry as we discussed in the proceeding section, but this
time we have switched the fiber and base ambient spaces20. This time we have a Z2 × U(1)
gauge symmetry coupled to four A1 (2,0) theories. In this model there are four types of
hypermultiplets in the spectrum distinguished by their U(1) × Z2 charge where only the Z2
charged hypers appear on the tensor branch as expected. Moreover we find, that a collection
of three −2 curves can actually be shrunken to an A3 (2,0) theory where exactly four discrete
charged singlets disappear consistent with the general picture. Finally we show that in order
to tune in a section, one must also necessarily enhance the gauge symmetry by another SU(2)
over one of the −2 curves.
4.3.1 The geometric setup
The geometry we consider is actually the same as in Section 4.2 however we consider a different
GL(4,Z) frame of the polytope ∆ to make the projection to the base, that is P1,1,2/γ2, more
evident. In the new frame the polytope is given by the vertices:
x t y s Z e1 X Y
-1 1 0 0 1 -1 0 -2
0 0 1 -1 1 -1 -2 0
0 0 0 0 1 -1 -1 -1
0 0 0 0 0 0 2 -2
. (4.102)
Here we have the same C∗ and γ2 identifications as before with the same fixed points and Hodge
numbers as given in Equation (4.74). The genus one fiber is now described as the vanishing of
a biquadric equation
p =
(
b
(+)
1 y
2 + b
(−)
2 sy + b
(+)
3 s
2
)
x2 +
(
b
(−)
5 y
2 + b
(+)
6 sy + b
(−)
7 s
2
)
tx+
(
b
(+)
8 y
2 + b
(−)
9 sy + b
(+)
10 s
2
)
t2
(4.103)
with the bi being non generic sections in the anticanonical class of the base such that they
transform under the Γ2,b action as highlighted by their superscript. The explicit expressions
can be found in Appendix B.3 which shows that all odd sections vanish over any base fixed
point. The base P1,1,2/Z2 is again identified by the projection pi onto the last two coordinates
of the ambient space polytope ∆ given above.
4.3.2 Spectrum and hyperconifold tensor branch
The presented model admits a U(1) × Z2 gauge symmetry [6] as well as four A1 (2,0) points
coupled to the discrete symmetry. The spectrum admits three kinds of fiber degenerations, cor-
responding to singlets of charges 1(1,+),1(1,−) and in particular purely discrete charged singlets
1(0,−).
20From the ingredients above, one could also easily have considered the non-simply connected threefolds in
(F0 × F0)/Z2 and (P 1,1,2 × P1,1,2)/Z2 [23].
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Multiplicities
Generic Base
Ambient Space Geometry
State F0 × P1,1,2 (F0×P1,1,2)Z2
(F0×P1,1,2)
Z2
HC
(F0 × F13)
H1(0,−)
4K−1b (S7 + S9)+
6(K−1b )
2 − (S9 + S7) 80 40 48 40
H1(1,−)
4K−1b (S9 − S7)+
6(K−1b )
2 + 2S27 − 2S29
48 24 24 24
H1(1,+)
4K−1b (S9 − S7)+
6(K−1b )
2 − 2S27 + 2S29
48 24 24 24
H10 - 69 37 33 41
V 1 1 1 1 1
T(1,0) h
1,1(B)− 1 1 1 5 5
T(2,0) 10− h1,1(B)−K2b 0 4 0 0
Table 2: Spectra of four genus one fibrations with U(1) × Z2 gauge group and their ambient
spaces. We compare covering geometry, quotient, hyperconifold tensor branch and highlight the
change in spectrum. This is contrasted to the spectrum of the tensor branch of a regular A1
theory in the last column.
In Table 2 we summarize the general formulas for the spectrum computation as well as the
concrete values for four CY threefold ambient spaces and their F-theory spectra. We list the
covering CY, the quotient geometry and its hyperconifold resolution. The last column shows
the tensor branch spectrum of a trivial fibration, where the discrete symmetry is not coupled
to the (2,0) points and where eight discrete charged hypers are missing.
It is readily checked that for all theories above all anomalies are Green-Schwarz canceled. In
addition to the gravitational anomalies, we repeat the U(1) anomalies here
grav2U(1)2 : −1
6
∑
iH1qq
2 = a · b11
U(1)4 : 1
3
∑
iH1qq
4 = b11 · b11 (4.104)
where the anomaly coefficient on the right hand side can be deduced from the anticanonical
class of the base and the U(1) height pairing [6] that are
a = Kb , b11 = 2K
−1
b . (4.105)
The multiplicities of the charged matter states can again be computed using the formulas in [6]
and the identification of the classes S7,S9 and K−1b . For any base those classes can be taken
from the line bundle classes of the genus one fiber (4.103) as
[b
(+)
6 ] ∼ K−1b , [b(−)7 ] ∼ S7 , [b(−)9 ] ∼ S9 . (4.106)
The S7 and S9 do not descent from Γ2,b invariant classes of Bcov but covariant ones, with the
same degree as K−1b . Thus, by abuse of notation we consider them as the same, keeping the
difference in mind and use the self intersection (Kb)−1 = (8)4 for the (un-)quotiented case.
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XBx
Z
By
Y
Ay
Ax
e1
Figure 16: The polytope of the resolved P1,1,2/Z2 base. Red doted vertices represent the addi-
tional resolution divisors.
Using the formulas in the first column of Table 2, the full charged spectrum of the covering,
quotient and direct product CY can easily be computed.
To obtain the spectrum of the hyperconifold tensor branch of the quotient geometry, we
proceed by tuning ambient space fixed points onto the CY and resolving. We choose to fix
a fiber fixed point and tune in the four base fixed points that we resolve by adding the four
additional coordinates Ax, Ay, Bx, By which amounts to four blow-ups of the ambient variety,
with polytope ∆ given as
x t y s Z e1 X Y Ax Ay Bx By
-1 1 0 0 1 -1 0 -2 -1 -2 -1 0
0 0 1 -1 1 -1 -2 0 -1 0 1 0
0 0 0 0 1 -1 -1 -1 -1 -1 0 0
0 0 0 0 0 0 2 -2 1 -1 -1 1
. (4.107)
Choosing a triangulation yields a Stanley-Reisner ideal
SRI : {tx, tAx, tAy, tBy, tBx, ys, Ze1, ZAx, ZAy, XY,XAy, XBy, Y Bx, e1Ay,
e1By, e1Bx, sAx, sAy, sBy, sBx, AxBy, ByBx, AyBx, xyX, xyY, xye1} ,
(4.108)
and a CY hypersurface with Hodge numbers
(h(1,1), h(2,1))χ = (8, 32)−48 . (4.109)
After the standard projection down onto the last two coordinates of ∆, we find indeed the base
to be that of polytope F13 as shown in Figure 16, the resolved orbifold of P1,1,2. After performing
the above steps, we find a factorized biquadric as in Equation (4.103) with base sections given in
Equation (B.6) of Appendix B.3. The hyperconifold resolution leads to factorized base sections
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1(0,−)
1(0,−)
1(0,−)
1(0,−)
De1
DZ
DX
DY
1(0,−)
1(0,−)
1(0,−)
1(0,−)
Figure 17: Intersections of toric divisors for singular and resolved P1,1,2/Z2 base. In red we
denote the orbifold fixed points and their resolution divisors. Over every resolution divisor,
additional discrete charge states appear.
bi that are of the form
b1 = AxAyBxBy bˆ1 , b3 = bˆ3 , b6 = bˆ6 , b8 = bˆ8 , b10 = e1XY bˆ10 ,
b2 = AxAyBxBye1bˆ2 , b5 = AxAyBxBye1bˆ5 , b7 = e1bˆ7 , b9 = e1bˆ9 ,
(4.110)
with the bˆi being some residual polynomials, spelled out in detail in Equation (B.6).
In the convention of [6] the base classes S7 and S9 are given by the base classes of the
polynomials b7 and b9 respectively that are read off to be linear equivalent to
S7 ∼ S9 ∼ [2Z + Y − Ax −X +By] ,
K−1b ∼ [2Z +Bx +By] .
(4.111)
These last quantities have intersections
(K−1b )
2 = S7K−1b = 4 , S27 = 2 , (4.112)
which can be checked by using the intersection relations as read off from the toric diagram in
Figure 16. Thus we have all information needed in order to compute the multiplicity of all
states by inserting them into the general formulas, see Table 2.
As a last point we want to consider the states that appear over the four resolution divisors.
In order to do so, we consider the Jacobian of the biquadric given in Appendix D and insert
the factorization (4.110). We factor the discriminant with respect to A = AxAy and B = BxBy
as
∆ = ABe1
(
bˆ1bˆ3bˆ8P1Q
3
1B +O((AB)2...
)
. (4.113)
Q1 and P1 define polynomials that signal enhanced codimension two loci where matter resides,
whereas Q1 = AB = 0 denotes a (2, 3, 4) locus which does not lead to additional matter degrees
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of freedom. The polynomial P1 is given as
P1 = −bˆ27bˆ8e1 + bˆ6bˆ7bˆ9e1 − bˆ3bˆ29e1 − bˆ10bˆ26XY + 4bˆ10d3bˆ8XY , (4.114)
which defines an I2 fiber together with A,B = 0 in addition to the toric locus A = e1 = 0. For
completion we confirm the factorization of the fiber into two degree (1,1) curves in terms of the
F0 ambient space classes of the fiber. Indeed over those loci, the fiber reduces to
pA=e1=0 =dˆ3s
2x2 + dˆ6stxy + dˆ8t
2y2
=(β1sx+ β2ty)(β3sx+ β4ty) ,
(4.115)
where the last factorization admits solutions of the βi in terms of the di. Hence we find that
the fiber reduces to two P1’s that get interchanged by a monodromy around the Q1 = 0 locus.
The charges of the state under U(1)×Z2 we compute by intersecting one choice of component
of the reducible fiber with the U(1) and Z2 generators that are given [6] as
σ(s1) = [y]− [x] , σZ2 = [x] . (4.116)
Using the familiar intersection relations of F0 we find for each choice of component of the
reducible fiber a state with charge 1(0,−) where the − denotes charge 1 under the Z2 symmetry.
The states at the loci A,B = P1 = 0 are exactly of the same type which, however, is harder
to see. Things however get more transparent when we tune in a section which amounts to an
un-Higgsing of Z2 → U(1) which can be achieved by tuning bˆ10 → 0. In that case we have an
elliptic fibration with Mordell-Weil rank two [64–66]. We consider the geometry in more detail
in the next section however now we simply use that a singlet of of charge 1(0,1) is found at the
vanishing locus V (Is)
Is = {b1b49b27 + (b3b29 + b7(−b6b9 + b8b7))(b3b8b29 + b7(−b6b8b9 + b28b7 + b29b5)),
b2b
3
9b
2
7 + b
2
3b
4
9 − b3b6b39b7 − b37(−b6b8b9 + b28b7 + b29b5)}
(4.117)
which vanishes precisely for A,B = P1 = 0 after inserting the factorization (4.110). Hence
after Higgsing the second U(1) factor those become the desired discrete charged singlets. The
multiplicities we compute by using the homology class of P1, which is
[P1] ∼ [2K−2b +X + Y + Z] , (4.118)
which admits the following intersections
[A][e1] = [A][P1] = 1 , [B][P1] = 2 , [e1][P1] = 0 . (4.119)
This results in exactly two discrete charged singlets over each−2 curves as depicted in Figure 17.
4.3.3 The U(1)2 un-Higgsed theory
We conclude this section with some final remarks on the un-Higgsing of the Z2 by tuning
bˆ10 → 0. In the geometry above, the polynomial bˆ10 admits the form
bˆ10 = (AxAye1XY b+ Zc) , (4.120)
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with b, c being the complex coefficients that we need to tune to zero. Tuning c → 0 leads to
another factorization in P1 → e1Pˆ1 of Equation (4.114) and therefore to another factorization
of the discriminant (4.113) as
∆ = ABe21
(
bˆ1bˆ3bˆ8Pˆ1Q
3
1B +O(AB)2...
)
, (4.121)
with the polynomial
Pˆ1 = bˆ
2
7bˆ8 − bˆ6bˆ7bˆ9 + bˆ3bˆ29 . (4.122)
This is an SU(2) singularity over e1 = 0, which can be resolved torically by adding the vertex
v1,1 = (−2, 0,−1, 0) with corresponding coordinate e1,1 to the polytope inducing another Kähler
parameter and reducing one complex structure degree of freedom21. Consequently the former
discrete charged singlet loci get enhanced from I2 to I3 fibers that are present over
e1 = {Ax = 0, Ay = 0, Pˆ1 = 0} . (4.123)
Over the Ax/y = 0 loci, we find two neutral doublets, whereas over Pˆ1 = 0 we find discrete
charged doublets as we will describe in detail in the following.
Due to the factorization, the Pˆ1 divisor is linear equivalent to
[Pˆ1] ∼ [P1 − e1] , (4.124)
which, after using (4.119) and [e1][e1] = −2 leads to the following multiplicities
6-d Rep. Multiplicity
2(0,−) 2
2(0,+) 2
1(0,−) 44
1(1,+) 24
1(1,−) 24
1(0,+) 32
V 4
T(1,0) 5
, (4.125)
which is again consistent with all anomalies. The location of the matter is depicted in Figure 18.
As a final step, we can also perform the conifold b → 0 in (4.120) which is resolved by
adding the vertex v2,1 = (−1, 1, 0, 0) with corresponding coordinate x2,1. As this vertex lies in
the pre-image over a generic point on the base, the ambient space of the generic fiber can be
modified to that of dP2. The generic elliptic fiber in dP2 [64–66] admits a MW group of rank
two and therefore corresponds to the un-Higgsing of the Z2 symmetry. In addition, we can use
the corresponding divisor of x2,1 = 0 to construct a new U(1) divisor as
σ(s2) = [x2,1]− [x] . (4.126)
21This is an example of another hyperconifold resolution whose new divisor restricts onto a divisor in the base
that was already present.
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1(0,−)
1(0,−)
2(0,+)
2(0,+)
2(0,−)SU(2)
1(0,−)
1(0,−)
Figure 18: Matter locations over the resolved P1,1,2/Z2 base after a partial tuning. The green
−2 curve admits an enhanced SU(2) symmetry and the former discrete charged singlets have
been enhanced to fundamentals.
The reduction in the complex structure by one and the additional U(1) vector is compensated
in the gravitational anomaly by two singlets in the representation 1(0,2) whose vevs trigger the
Higgsing. As a consistency check, we recompute the full massless spectrum in the SU(2)×U(1)2
theory which is given as
6-d Rep. Multiplicity
2(0,0) 2
2(0,1) 2
1(1,−1) 4
1(1,1) 20
1(−1,−2) 4
1(1,0) 20
1(0,2) 2
1(0,1) 44
1(0,0) 31
V 5
T(1,0) 5
, (4.127)
and is fully consistent with the Higgsed multiplicities in (4.125). Over the loci Ax/y = e1 = 0
we find the fibral divisor e1,1 of the SU(2) to split as a perfect square
p = bˆ3x
2s2 + bˆ6yxst+ bˆ8y
2t2 ≡ (β1xs+ β2yt)(β3xs+ β4yt) , (4.128)
where the coefficients βi can be expressed in terms of the bˆi involving square root factors. Both
P1 factors are homological equivalent and get exchanged by monodromies in the base around
the square root factors in the βi. Therefore both states must have vanishing U(1)2 quantum
numbers. For the e1 = Pˆ1 locus on the other hand we do not find a solution which interchanges
the monodromy in a similar way, such that we conclude the charges as given in (4.127).
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Finally we turn to the anomaly coefficients of the U(1) generators that have the form [6]
bmn =
(
2K−1b K
−1
b + S9 − S7
K−1b + S9 − S7 2(K−1B + S9 − [e1])
)
mn
. (4.129)
In order to be consistent with all anomalies, the b22 height pairing of the Unhiggsed U(1) we
had to shift b22 by −2[e1] . From (4.111) we find that the height pairing of the second U(1) is
equivalent to
b22 ∼ [2(3Z + Ax + 2X + 2Bx +By)] . (4.130)
Thus, in distinction to the other entries, that are proportional to K−1b and are thus Cartier
when taking the limit to a singular base, the b22 coefficient is non-Cartier.
In summary we find various interesting effects in this example that are worth studying further:
First we find exactly eight purely discrete charged singlets appearing on the tensor branch of
four A1 singularities where two of them are connected by another −2 curve. Thus we have
a chain of three −2 curves that can be collapsed22 to an Z4 singularity. The resulting super-
conformal matter is again an unconventional A3 theory as the collapse involves four discrete
charged hypers consistent with the overall picture. Second, the un-Higgsing of the discrete
symmetry admits non-trivial structure, as the involved tuning necessarily introduces an SU(2)
divisor over one −2 curve and introduces further superconformal matter.
5 Summary and Outlook
In this work we have taken a preliminary look at smooth Calabi-Yau threefold quotient geome-
tries and their consequences for M-/F-theory compactifications in 5- and 6-dimensions. We
find that quotients of CY threefolds can lead to smooth, non-simply connected genus one fi-
brations with singular base geometries, multiple fibers and a discrete gauged symmetry. These
orbifold singularities in the base lead to (2, 0) SCFT sectors in the associated 6-dimensional
physics. The non-simply connected quotiented threefold can be mapped to a geometry with
section via its Jacobian. Once in that Jacobian geometry we have the tools to easily read off
the effective physics of F-theory compactifications in 6-dimensions. There we find our primary
result – an F-theory vacuum with discretely charged superconformal matter charged under the
discrete symmetry. Within the context of M-theory in 5-dimensions The genus one fibered CY
quotient manifolds can be connected to geometries with section via hyperconifold transitions
that represent the tensor branch of the superconformal sector with an U(1) gauge symmetry. In
addition, we find a number of new results linking Abelian gauge symmetries to superconformal
sectors. There are a number of open questions that would be interesting to explore both in the
context of the physics and geometry described in this work and we will address each in turn
briefly here.
First, from a geometrical perspective we have found that CY quotient geometries generically
lead to theories with superconformal loci (i.e. orbifold fixed points) in the base geometry. The
22Note that the resulting threefold is not smooth.
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CY quotients remain globally smooth by the addition of multiple fibers over the singular points
in the base. In future work it would be intriguing to consider such multiple fibers in more
generality. It is possible to ask for example whether the number of such multiple fibers (and
relatedly, orbifold fixed points in the base) can be bounded in a CY threefold. If such a bound
existed, it could provide intriguing physical constraints on the order of discrete symmetries
appearing in such F-theory compactifications.
In addition to being interesting in their own right, the presence of such multiple fibers
can effect the form of CY torsors (genus one fibered geometries sharing a common Jacobian).
This difference may be manifest in that the full Weil-Chaˆtelet group could differ from its
subgroup, the Tate-Shafarevich group (which has to-date been commonly employed in the F-
theory literature). It would be very interesting to fully explore the Weil-Chaˆtelet group for the
quotient manifolds considered here and understand its physical relevance.
Turning next to the associated physics, it is clear that the non-trivial torsion in homology can
generate discrete fluxes in Type IIA/IIB or M-theory vacua, but it is unclear whether such fluxes
tied to the torsional cycles considered here uplift into F-theory vacua. In future work it would be
interesting to investigate more fully the role played by the non-trivial first fundamental group.
In addition, completing a careful analysis of the 5-dimensional to 6-dimensional M-theory to
F-theory uplift (in the spirit of [8]) would be fruitful. This analysis in principle should be
straightforward since the CY quotient geometries studied here are smooth, and hence the light
states in M-theory are well understood. In a similar spirit, one could also ask whether such
CY quotient geometries in F-theory could give rise to interesting dual 6-dimensional heterotic
theories. It remains to be seen if K3 fibers can survive the quotienting procedures described
here as the elliptic fibers have. If so, the multi-section geometry must be understood in the
context of heterotic/F-theory duality, generalizing previous efforts in this regard [67].
Finally, the coupling of discretely charged matter to superconformal points studied here
seems to give rise to a potentially novel form of 6-dimensional SCFT. The discrete symmetries
studied here arise from the Higgsing of a U(1) theory in the F-theory geometry. The fact that
the U(1) symmetries are not localized in F-theory (in the neighborhood of the C2/Γ singularity)
but rather a feature of the global, compact threefold, leads to the interesting question of what
happens to the structure of the superconformal sector in a decompactification limit leading to
an SCFT or Little String Theory. How are such theories related to the classification of [1–3]?
Do the discrete charges persist or are they really intrinsic to the compact geometry (i.e. the
strongly coupled theory linked to gravity)? We hope to turn to some of these fruitful questions
in future work.
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A Threefold in P2× dP6 fibration
In this appendix we want to contrast the F-theory physics of the bi-cubic quotient we have
considered in Section 4.1 with a geometry that admits also a Z3 discrete symmetry as well as
three A2 points which however is not coupled to the discrete symmetry. This model represents
the smooth CY realization of the first model presented as a Weierstrass model in Section 2.2
and therefore corresponds to the tensor branch of the A2 points. The geometric setup is very
similar as the one we considered in Section 4.1 for the bicubic and the CY threefold is given by
the hypersurface in the following polytope ∆
x0 x1 x2 y0 y1 y2
1 0 -1 0 0 0
0 1 -1 0 0 0
0 0 0 1 1 -2
0 0 0 0 3 -3
. (A.1)
It is important to note that the base coordinates yi do not have a ’leg’ in the fiber. The above
threefold is singular and corresponds to the genus one fibration over a singular P2/Z3 base.
The resolved geometry that corresponds to the tensor branch is then given by the following
polytope
x0 x1 x2 y0 y1 y2 e1,1 e1,2 e2,1 e2,2 e3,1 a3,2
1 0 -1 0 0 0 0 0 0 0 0 0
0 1 -1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 -2 0 -1 -1 0 1 1
0 0 0 0 3 -3 1 -1 -2 -1 1 2
. (A.2)
This ambient space is a direct product manifold P2× dP6 whereas the CY hypersurface admits
Hodge numbers:
(h1,1, h2,1)χ = (8, 35) . (A.3)
The triangulation is unique and the composition of the two ambient spaces
SRI : {y0y1, y0y2, y0e1,1, y0e1,2, y0e2,1, y0e3,2, y1e2,2, y2e2,2, e1,1e2,2, e1,2e2,2, e2,2e3,1, e2,2e3,2,
y1e3,1, y2e3,1, e1,1e3,1, e1,2e3,1, e2,1e3,1, y1y2, y1e1,2, y1e2,1, y2e1,1, e1,1e2,1, e1,1e3,2,
y2e3,2, e1,2e3,2, e2,1e3,2, e1,2e2,1, x0x1x2} .
(A.4)
The mayor distinction to the hyperconifold resolution is that all dP6 divisors have no ’leg’ in
the fiber and hence the ambient space is simply a direct product of P2 and dP6. The genus
one fiber is again described as a generic cubic hypersurface (4.3) where the ten sections si
all transform in the anticanonical class of the dP6 base and do not factorize further. Thus
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by symmetry we have S7 = S9 = K−1b which we can use to compute the spectrum using the
formulas given in (4.8). We compute the spectrum again in the following table and compare
the spectrum with that of the hyperconifold resolved quotient of Example 1 of Section 4.1.7 to
clarify the distinction.
Bicubic-Quotient
6d Rep. Multi
11 63
10 30
T(1, 0) 0
T(2, 0) 6
Fixed point resolved
Multi
72
27
6
0
dP6 direct fibration
Multi
63
36
6
0
Note that we have performed similar computations for all other examples to illustrate the
difference to regular An theories that are not coupled to a discrete symmetry.
B Specializations of Base Sections
In this appendix we give the full explicit base dependence we of the sections of the three
examples we present in the sections 4.1-4.3 as they appear in the hypersurface equations.
B.1 Base sections of Example 1
The full sections si of the bicubic quotient which we use in Weierstrass model of Section 2.3
and are obtained from the smooth geometry of a cubic Equation (4.3) in Subsection 4.1.4 are
given as
s
(0)
1 =a1y
3
0 + a4y
3
1 + a17y0y1y2 + a7y
3
2 ,
s
(2)
2 =a9y0y
2
1 + a18y
2
0y2 + a27y1y
2
2 ,
s
(1)
3 =a10y
2
0y1 + a19y
2
1y2 + a28y0y
2
2 ,
s
(0)
4 =a2y
3
0 + a5y
3
1 + a20y0y1y2 + a8y
3
2 ,
s
(1)
5 =a11y
2
0y1 + a21y
2
1y2 + a29y0y
2
2 ,
s
(0)
6 =a12y
3
0 + a13y
3
1 + a22y0y1y2 + a33y
3
2 ,
s
(2)
7 =a14y0y
2
1 + a23y
2
0y2 + a30y1y
2
2 ,
s
(2)
8 =a15y0y
2
1 + a24y
2
0y2 + a31y1y
2
2 ,
s
(1)
9 =a16y
2
0y1 + a25y
2
1y2 + a32y0y
2
2 ,
s
(0)
10 =a0y
3
0 + a3y
3
1 + a26y0y1y2 + a6y
3
2 .
(B.1)
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After performing three hyperconifold transitions we have the following sections with the addi-
tional blow-up coordinates ei,j, i=1..3, j = 1, 2, and generic complex coefficients ai:
s1 = e1,1e2,1e3,1 (e2,1e
2
2,2e
2
3,1e3,2y
3
0a1 + e
2
1,1e1,2e3,1e
2
3,2y
3
1a3
+e1,1e
2
1,2e
2
2,1e2,2y
3
2a5 + e1,1e1,2e2,1e2,2e3,1e3,2y0y1y2a15) ,
s2 = e1,1e1,2e2,1e2,2e3,1e3,2 (e1,1e3,1e3,2y0y
2
1a7 + e2,1e2,2e3,1y
2
0y2a16 + e1,1e1,2e2,1y1y
2
2a25) ,
s3 = e1,1e1,2e2,1e2,2e3,1e3,2 (e2,2e3,1e3,2y
2
0y1a8 + e1,1e1,2e3,2y
2
1y2a17 + e1,2e2,1e2,2y0y
2
2a26) ,
s4 = e1,2e2,2e3,2 (e2,1e
2
2,2e
2
3,1e3,2y
3
0a2 + e
2
1,1e1,2e3,1e
2
3,2y
3
1a4
+e1,1e
2
1,2e
2
2,1e2,2y
3
2a6 + e1,1e1,2e2,1e2,2e3,1e3,2y0y1y2a18) ,
s5 = e1,1e2,1e3,1 (e2,2e3,1e3,2y
2
0y1a9 + e1,1e1,2e3,2y
2
1y2a19 + e1,2e2,1e2,2y0y
2
2a27) ,
s6 = e2,1e
2
2,2e
2
3,1e3,2y
3
0a10 + e
2
1,1e1,2e3,1e
2
3,2y
3
1a11
+e1,1e1,2e2,1e2,2e3,1e3,2y0y1y2a20 + e1,1e
2
1,2e
2
2,1e2,2y
3
2a31 ,
s7 = e1,2e2,2e3,2 (e1,1e3,1e3,2y0y
2
1a12 + e2,1e2,2e3,1y
2
0y2a21 + e1,1e1,2e2,1y1y
2
2a28) ,
s8 = e1,1e3,1e3,2y0y
2
1a13 + e2,1e2,2e3,1y
2
0y2a22 + e1,1e1,2e2,1y1y
2
2a29 ,
s9 = e2,2e3,1e3,2y
2
0y1a14 + e1,1e1,2e3,2y
2
1y2a23 + e1,2e2,1e2,2y0y
2
2a30 ,
s10 = y0y1y2a24 .
(B.2)
B.2 Base sections of Example 2
In the second example, presented in Section 4.2 the fiber is represented as the vanishing of a
quartic polynomial in P1,1,2, given in Equation (4.77) with nine base sections di depending on
the F0/Z2 base as
d
(+)
1 =x
2t2a5 + y
2x2a6 + s
2t2a11 + y
2s2a12 + ysxta21 ,
d
(−)
2 =sxt
2a15 + ys
2ta18 + yx
2ta23 + y
2sxa26 ,
d
(+)
3 =s
2t2a13 + x
2t2a16 + ysxta20 + y
2s2a24 + y
2x2a27 ,
d
(−)
4 =sxt
2a14 + ys
2ta17 + yx
2ta22 + y
2sxa25 ,
d
(+)
5 =x
2t2a1 + y
2x2a2 + s
2t2a7 + y
2s2a8 + ysxta19 ,
d
(−)
6 =sxt
2a30 + ys
2ta33 + yx
2ta36 + y
2sxa39 ,
d
(+)
7 =s
2t2a28 + x
2t2a31 + ysxta34 + y
2s2a37 + y
2x2a40 ,
d
(−)
8 =sxt
2a29 + ys
2ta32 + yx
2ta35 + y
2sxa38 ,
d
(+)
9 =x
2t2a3 + y
2x2a4 + s
2t2a9 + y
2s2a10 + ysxta41 ,
(B.3)
with s, t, x, y being the base coordinates and ai generic complex coefficients. The superscript
of the polynomials denotes their weight under the Γ2,b transformation. After performing the
four hyperconifold transitions described in Section 4.2.2 we introduce four additional blow-up
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coordinates ei and the sections di attain the following, partially factorized form
d1 = e1,1e2,1e3,1e4,1
(
e1,1e
2
2,1e3,1y
2x2a3 + e2,1e
2
3,1e4,1t
2x2a4
+e21,1e2,1e4,1s
2y2a7 + e1,1e3,1e
2
4,1t
2s2a8 + e1,1e2,1e3,1e4,1tsyxa17
)
,
d2 = e1,1e2,1e3,1e4,1 (e1,1e2,1sy
2xa11 + e1,1e4,1ts
2ya14 + e2,1e3,1tyx
2a19 + e3,1e4,1t
2sxa22) ,
d3 = e
2
1,1e2,1e4,1s
2y2a9 + e1,1e
2
2,1e3,1y
2x2a12 + e1,1e2,1e3,1e4,1tsyxa16
+e1,1e3,1e
2
4,1t
2s2a20 + e2,1e
2
3,1e4,1t
2x2a23 ,
d4 = e1,1e2,1sy
2xa10 + e1,1e4,1ts
2ya13 + e2,1e3,1tyx
2a18 + e3,1e4,1t
2sxa21 ,
d5 = tsyxa15 ,
d6 = e1,1e2,1e3,1e4,1 (e1,1e2,1sy
2xa26 + e1,1e4,1ts
2ya29 + e2,1e3,1tyx
2a32 + e3,1e4,1t
2sxa35) ,
d7 = e
2
1,1e2,1e4,1s
2y2a24 + e1,1e
2
2,1e3,1y
2x2a27 + e1,1e2,1e3,1e4,1tsyxa30
+e1,1e3,1e
2
4,1t
2s2a33 + e2,1e
2
3,1e4,1t
2x2a36 ,
d8 = e1,1e2,1sy
2xa25 + e1,1e4,1ts
2ya28 + e2,1e3,1tyx
2a31 + e3,1e4,1t
2sxa34 ,
d9 = e1,1e
2
2,1e3,1y
2x2a1 + e2,1e
2
3,1e4,1t
2x2a2 + e
2
1,1e2,1e4,1s
2y2a5
+e1,1e3,1e
2
4,1t
2s2a6 + e1,1e2,1e3,1e4,1tsyxa37 .
(B.4)
B.3 Base sections of Example 3
Here we present the polynomial dependence of the base sections bi of the biquadric fiber Equa-
tion (4.103) of Example 3 presented in Section 4.3 in terms of the base coordinates (X, Y, Z, e1)
of the P1,1,2/Z2 base:
b
(+)
1 = Z
2a1 + e
2
1X
4a7 + e
2
1Y
4a8 + e
2
1X
2Y 2a27 + e1XY Za40 ,
b
(−)
2 = e1 (e1XY
3a22 + e1X
3Y a23 + Y
2Za35 +X
2Za36) ,
b
(+)
3 = Z
2a2 + e
2
1X
4a9 + e
2
1Y
4a10 + e
2
1X
2Y 2a16 + e1XY Za31 ,
b
(−)
5 = e1 (e1XY
3a25 + e1X
3Y a26 + Y
2Za38 +X
2Za39) ,
b
(+)
6 = e
2
1Y
4a19 + e
2
1X
2Y 2a20 + e
2
1X
4a21 + e1XY Za34 + Z
2a41 ,
b
(−)
7 = e1 (e1XY
3a14 + e1X
3Y a15 + Y
2Za29 +X
2Za30) ,
b
(+)
8 = Z
2a3 + e
2
1X
4a11 + e
2
1Y
4a12 + e
2
1X
2Y 2a24 + e1XY Za37 ,
b
(−)
9 = e1 (e1XY
3a17 + e1X
3Y a18 + Y
2Za32 +X
2Za33) ,
b
(+)
10 = Z
2a4 + e
2
1Y
4a5 + e
2
1X
4a6 + e
2
1X
2Y 2a13 + e1XY Za28 ,
(B.5)
with complex coefficients ai. Sections with a (−) superscript transform odd under Γ2,b and
vanish over fixed points. Note that odd sections factor out a e1 coordinate. Performing the hy-
perconifold transitions described in Section 4.3.2 the base becomes smooth with four additional
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resolution divisors Ax, Ay, Bx, By. The nine base sections from above then obtain the form
b1 = AxAyBxBy (A
2
xA
2
yBxBye
2
1X
2Y 2a1 +BxByZ
2a3 + AxA
3
yB
2
xe
2
1Y
4a6
+A3xAyB
2
ye
2
1X
4a7 + AxAyBxBye1XY Za38) ,
b2 = AxAyBxBye1 (AxA
2
yBxe1XY
3a21 + A
2
xAyBye1X
3Y a22 + AyBxY
2Za33 + AxByX
2Za34) ,
b3 = BxByZ
2a4 + AxA
3
yB
2
xe
2
1Y
4a8 + A
3
xAyB
2
ye
2
1X
4a9
+A2xA
2
yBxBye
2
1X
2Y 2a15 + AxAyBxBye1XY Za29 ,
b5 = AxAyBxBye1 (AxA
2
yBxe1XY
3a24 + A
2
xAyBye1X
3Y a25 + AyBxY
2Za36 + AxByX
2Za37) ,
b6 = AxA
3
yB
2
xe
2
1Y
4a18 + A
2
xA
2
yBxBye
2
1X
2Y 2a19 + A
3
xAyB
2
ye
2
1X
4a20
+AxAyBxBye1XY Za32 +BxByZ
2a39 ,
b7 = e1 (AxA
2
yBxe1XY
3a13 + A
2
xAyBye1X
3Y a14 + AyBxY
2Za27 + AxByX
2Za28) ,
b8 = BxByZ
2a5 + AxA
3
yB
2
xe
2
1Y
4a10 + A
3
xAyB
2
ye
2
1X
4a11
+A2xA
2
yBxBye
2
1X
2Y 2a23 + AxAyBxBye1XY Za35 ,
b9 = e1 (AxA
2
yBxe1XY
3a16 + A
2
xAyBye1X
3Y a17 + AyBxY
2Za30 + AxByX
2Za31) ,
b10 = e1XY (AxAye1XY a2 + AxAye1XY a12 + Za26) ,
(B.6)
where we highlighted again the factorized form of the polynomials.
C Conditions on 6-Dimensional Anomaly Cancellation
In this appendix we give a brief overview of the 6-dimensional SUGRA relations obeyed by
any anomaly-free theory, following the notations of [68,69], which we refer to for more details.
In Section 4 we check that those conditions all apply, when descending to a quotient theory.
Similarly they are checked in the explicit examples of sections 4.1-4.3. For an effective SUGRA
theory in 6 dimensions, the anomaly cancellation conditions read:
trR4 : H − V + 29T = 273 , (trR2)2 : 9− T = a · a (Pure gravitational)
trF 2κ trR
2 : −1
6
(Aadjκ −
∑
R xRAR) = a·
(
bκ
λκ
)
(Non-Abelian-gravitational)
FmFntrR2 : −16
∑
q xqm,qnqmqn = a· bmn (Abelian-gravitational)
trF 4κ : Badjκ −
∑
R
xRBR = 0 , (Pure non-Abelian)
trF 2κ trF
2
κ :
1
3
(
∑
R xRCR − Cadjκ) =
(
bκ
λκ
)2
,
FmFnFkFl :
∑
q
xqm,qn,qk,qlqmqnqkql = b(mn· bkl) (Pure Abelian)
FmFntrF 2κ :
∑
R,qm,qn
xR,qm,qnqmqnAR =
(
bκ
λκ
)
· bmn (Non-Abelian-Abelian)
FmtrF 3κ :
∑
R,qm
xR,qmqiER = 0 .
(C.1)
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We have given the terms of the 6-dimensional anomaly polynomial, whose coefficients are the
respective anomalies. The Ricci tensor we denote by R as well as the gauge field strengths
Fκ and Fm of gauge group factor Gκ and the m-th U(1). The numbers of hypers, vectors and
tensors are denoted as H, V and T , respectively. The multiplicities of hypermultiplets in the
representation R with m-th U(1) charge qm is given by xR,qm .
The right hand side of the equations represent their respective GS counter-terms a, bκ and
bmn. These transform as SO(1, T ) vectors, and are determined by the underlying microscopic
theory. In context of F-theory compactifications these coefficients are interpreted in terms of
geometrical objects that are
a = [KB] , bκ = SbGκ , bmn = −pi(σ(sˆn) · σ(sˆm)) , (C.2)
where KB is the canonical divisor of B, SbGκ is the divisor on B supporting the non-Abelian
group Gκ and pi(σ(sˆn) · σ(sˆm)) is the Néron-Tate height pairing. Under these identifications,
the inner product in (C.1) with Ωα,β is replaced by the intersection pairing on the base B.
In addition, in the anomalies (C.1), we have made use of several group theory relations
between different representations R. Their explicit form can be found in [69]. For this work,
their explicit values are not relevant, apart from the SU(2) case that we summarize in the
following table
Representation Dimension AR BR CR ER
Fundamental 2 1 0 0 0
Adjoint 3 4 0 8 0
. (C.3)
D Jacobians of Genus One Fibers
We summarize the Weierstrass coefficients f and g of the three different genus one fibrations
considered in the main text that have, constructed in [70, 71]. The generic cubic, given in
Equation (4.3) has ten sections si. The Weierstrass coefficients of the associated Jacobian are
given as
f =
1
48
(−(s26 − 4(s5s7 + s3s8 + s2s9))2 + 24(−s6(s10s2s3 − 9s1s10s4 + s4s5s8
+ s2s7s8 + s3s5s9 + s1s7s9) + 2(s10s
2
3s5 + s1s
2
7s8 + s2s3s8s9 + s1s3s
2
9
+ s7(s10s
2
2 − 3s1s10s3 + s3s5s8 + s2s5s9) + s4(−3s10s2s5 + s2s28 + (s25 − 3s1s8)s9)))) ,
(D.1)
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g =
1
864
((s26 − 4(s5s7 + s3s8 + s2s9))3 − 36(s26 − 4(s5s7 + s3s8 + s2s9))
× (−s6(s10s2s3 − 9s1s10s4 + s4s5s8 + s2s7s8 + s3s5s9 + s1s7s9)
+ 2(s10s
2
3s5 + s1s
2
7s8 + s2s3s8s9 + s1s3s
2
9 + s7(s10s
2
2 − 3s1s10s3 + s3s5s8 + s2s5s9)
+ s4(−3s10s2s5 + s2s28 + (s25 − 3s1s8)s9))) + 216((s10s2s3 − 9s1s10s4 + s4s5s8
+ s2s7s8 + s3s5s9 + s1s7s9)
2 + 4(−s1s210s33 − s21s10s37 − s24(27s21s210 + s10s35
+ s1(−9s10s5s8 + s38)) + s10s23(−s2s5 + s1s6)s9 − s1s23s8s29
− s27(s10(s22s5 − 2s1s3s5 − s1s2s6) + s1s8(s3s8 + s2s9))
− s3s7(s10(−s2s5s6 + s1s26 + s22s8 + s3(s25 − 2s1s8) + s1s2s9)
+ s9(s2s5s8 − s1s6s8 + s1s5s9)) + s4(−s210(s32 − 9s1s2s3)
+ s10(s6(−s2s5s6 + s1s26 + s22s8) + s3(s25s6 − s2s5s8 − 3s1s6s8))
+ (s10(2s
2
2s5 + 3s1s3s5 − 3s1s2s6) + s8(−s3s25 + s2s5s6 − s1s26 − s22s8 + 2s1s3s8))s9
+ (−s2s25 + s1s5s6 + 2s1s2s8)s29 − s21s39 + s7(s10(2s2s25 − 3s1s5s6 + 3s1s2s8 + 9s21s9) .
− s8(s2s5s8 − s1s6s8 + s1s5s9)))))) ,
(D.2)
For a biquadratic polynomial (4.103) i.e. a genus one curve in F0 we have:
f =
1
48
[−(−4b1b10 + b26 − 4(b5b7 + b3b8 + b2b9))2 + 24(−b6(b10b2b5 + b2b7b8
+ b3b5b9 + b1b7b9) + 2(b10(b1b5b7 + b
2
2b8 + b3(b
2
5 − 4b1b8) + b1b2b9)
+ b7(b1b7b8 + b2b5b9) + b3(b5b7b8 + b2b8b9 + b1b
2
9)))] ,
(D.3)
g =
1
864
[(−4b1b10 + b26 − 4(b5b7 + b3b8 + b2b9))3 − 36(−4b1b10 + b26 − 4(b5b7
+ b3b8 + b2b9))(−b6(b10b2b5 + b2b7b8 + b3b5b9 + b1b7b9) + 2(b10(b1b5b7 + b22b8
+ b3(b
2
5 − 4b1b8) + b1b2b9) + b7(b1b7b8 + b2b5b9) + b3(b5b7b8 + b2b8b9 + b1b29)))
+ 216((b10b2b5 + b2b7b8 + b3b5b9 + b1b7b9)
2 − 4(b2b3b5b7b8b9
+ b21b10(−4b10b3b8 + b27b8 + b3b29) + b10(b23b25b8 + b22b5b7b8 + b2b3(−b5b6b8 + b2b28
+ b25b9)) + b1(b
2
10(b3b
2
5 + b
2
2b8) + b2b
2
7b8b9 + b
2
3b8b
2
9 + b3b7(b7b
2
8 − b6b8b9 + b5b29)
+ b10(−4b23b28 + b3b6(b6b8 − b5b9) + b2b7(−b6b8 + b5b9)))))] .
(D.4)
For the quartic polynomial, the genus one curve in P1,1,2 given in Equation (4.76) there is:
f = 1
48
[−24d9(−2d5d26 + d4d6d7 − 2d3d6d8 + d2d7d8 − 2d1d28 − 2d2d4d9 + 8d1d5d9)
− (d27 − 4(d6d8 + d3d9))2] ,
(D.5)
g = 1
864
[36d9(−2d5d26 + d4d6d7 − 2d3d6d8 + d2d7d8 − 2d1d28 − 2d2d4d9 + 8d1d5d9)
× (d27 − 4(d6d8 + d3d9))
+ (d27 − 4(d6d8 + d3d9))3 + 216d29[4d2d5d6d7 − 4d1d5d27 + d22d28 + d4(−2d2d6d8 + 4d1d7d8)
− 4d22d5d9 + d24(d26 − 4d1d9)− 4d3(d5d26 + d1d28 − 4d1d5d9)]] .
(D.6)
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E Another Description of the Bicubic
It is easy, using the conventional description of the quotiented bicubic, to check that the fibers
of our fibration at generic points over the base are smooth as would be expected. However,
we might wish to check whether or not the fibers over the orbifold fixed points in the base are
multiple in the sense of being non-reduced (that is, everywhere singular). This is a somewhat
subtle computation to carry out in the conventional description of the manifold as the group
action is mapping fibers at such points to themselves. Given this, let us obtain another de-
scription of the quotient of the bicubic by the toric Z3 action in which the symmetry action is
explicitly taken into account and is not imposed in addition to the defining relations. This can
provide us with a different perspective on this aspect of the geometry.
We begin by constructing a generating set of monomials that are invariant under the sym-
metry action [72].
g1 = x0 , g2 = y0 , g3 = x1y2 , g4 = x2y1 , g5 = x1x2 , (E.1)
g6 = y1y2 , g7 = x
3
1 , g8 = x
3
2 , g9 = y
3
1 , g10 = y
3
2 ,
g11 = x
2
1y1 , g12 = x1y
2
1 , g13 = x
2
2y2 , g14 = x2y
2
2
If one takes the ideal generated as follows,
Iˆ = 〈g1 − x0, g2 − y0, g3 − x1y2, . . .〉 , (E.2)
and eliminates the original coordinates, one gets an algebraic description of the quotiented
ambient space (P2 × P2)/Z3.
Jˆ = Iˆ ∩ C[g1, . . . , g14] (E.3)
= 〈g3g8 − g5g13, g4g7 − g5g11, g3g13 − g5g14, g3g14 − g5g10, g3g11 − g6g7,
g3g4 − g5g6, g213 − g8g14, g13g14 − g8g10, g4g13 − g6g8, g214 − g10g13,
g6g14 − g4g10, g4g14 − g6g13, g212 − g9g11, g11g12 − g7g9, g6g12 − g3g9,
g4g12 − g5g9, g211 − g7g12, g6g11 − g3g12, g4g11 − g5g12, g35 − g7g8, g3g25 − g7g13,
g25g6 − g11g13, g4g25 − g8g11, g23g5 − g7g14, g3g5g6 − g11g14, g5g26 − g12g14,
g4g5g6 − g12g13, g24g5 − g8g12, g6g7g8 − g5g11g13, g6g7g13 − g5g11g14,
g33 − g7g10, g23g12 − g26g7, g23g6 − g10g11, g3g26 − g10g12, g26g13 − g24g10,
g36 − g9g10, g4g26 − g9g14, g24g6 − g9g13, g34 − g8g9
〉
Note that this method describes the ambient space as a non-complete intersection in a space
that inherits non-trivial scalings of coordinates from its parent product of projective spaces. In
particular
(g1 : g2 : g3 : g4 : g5 : g6 : g7 : g8 : g9 : g10 : g11 : g12 : g13 : g14) ∼ (E.4)
(λ1g1 : λ2g2 : λ1λ2g3 : λ1λ2g4 : λ
2
1g5 : λ
2
2g6 : λ
3
1g7 : λ
3
1g8 : λ
3
2g9 : λ
3
2g10
: λ21λ2g11 : λ1λ
2
2g12 : λ
2
1λ2g13 : λ1λ
2
2g14)
where λ1 and λ2 are two scalings inherited from the scalings of the original ambient space.
Note that the orbifold singularities in the quotiented ambient space are now encoded, not in an
70
explicit Z3 action, but rather in the usual singularities that occur in such weighted projective
spaces. There is also an associated Stanley Reisner Ideal which we neglect to write out here.
We are, of course, not interested in the ambient space but rather the Calabi-Yau hyper-
surface inside it. This can be computed in a very similar manner. Let us choose a random
complex structure, consistent with the Z3 action for the initial upstairs description of the
threefold defining relation.
p = 58x30y
3
0 + 49x
3
1y
3
0 + 86x0x1x2y
3
0 + 51x
3
2y
3
0 + 20x0x
2
1y
2
0y1 (E.5)
+44x20x2y
2
0y1 + 34x1x
2
2y
2
0y1 + 15x
2
0x1y0y
2
1 + 55x
2
1x2y0y
2
1
+24x0x
2
2y0y
2
1 + 22x
3
0y
3
1 + 86x
3
1y
3
1 + 94x0x1x2y
3
1 + 68x
3
2y
3
1
+73x20x1y
2
0y2 + 29x
2
1x2y
2
0y2 + 95x0x
2
2y
2
0y2 + 63x
3
0y0y1y2
+11x31y0y1y2 + 30x0x1x2y0y1y2 + 90x
3
2y0y1y2 + 55x0x
2
1y
2
1y2
+20x20x2y
2
1y2 + 66x1x
2
2y
2
1y2 + 69x0x
2
1y0y
2
2 + 3x
2
0x2y0y
2
2
+49x1x
2
2y0y
2
2 + 78x
2
0x1y1y
2
2 + 51x
2
1x2y1y
2
2 + 11x0x
2
2y1y
2
2 + 38x
3
0y
3
2
+20x31y
3
2 + 100x0x1x2y
3
2 + 37x
3
2y
3
2
We then simply perform the following elimination to obtain an algebraic description of the
quotiented Calabi-Yau threefold.
I = 〈g1 − x0, g2 − y0, g3 − x1y2, . . . , p〉 (E.6)
J = I ∩ C[g1, . . . , g14] (E.7)
Performing this computation we arrive at the following.
J = 〈g3g8 − g5g13, g4g7 − g5g11, g3g13 − g5g14, g3g14 − g5g10, g3g11 − g6g7, (E.8)
g3g4 − g5g6, g213 − g8g14, g13g14 − g8g10, g4g13 − g6g8, g214 − g10g13,
g6g14 − g4g10, g4g14 − g6g13, g212 − g9g11, g11g12 − g7g9, g6g12 − g3g9,
g4g12 − g5g9, g211 − g7g12, g6g11 − g3g12, g4g11 − g5g12, g35 − g7g8, g3g25 − g7g13,
g25g6 − g11g13, g4g25 − g8g11, g23g5 − g7g14, g3g5g6 − g11g14, g5g26 − g12g14,
g4g5g6 − g12g13, g24g5 − g8g12, g6g7g8 − g5g11g13, g6g7g13 − g5g11g14,
g33 − g7g10, g23g12 − g26g7, g23g6 − g10g11, g3g26 − g10g12, g26g13 − g24g10,
g36 − g9g10, g4g26 − g9g14, g24g6 − g9g13, g34 − g8g9,
58g32g
3
1 + 63g2g6g
3
1 + 22g9g
3
1 + 38g10g
3
1 + 73g
2
2g3g
2
1 + 44g
2
2g4g
2
1
+78g3g6g
2
1 + 20g4g6g
2
1 + 15g2g12g
2
1 + 3g2g14g
2
1 + 69g2g
2
3g1 + 24g2g
2
4g1
+86g32g5g1 + 30g2g5g6g1 + 94g5g9g1 + 100g5g10g1 + 20g
2
2g11g1 + 55g3g12g1
+95g22g13g1 + 11g6g13g1 + 29g
2
2g3g5 + 34g
2
2g4g5 + 49g
3
2g7 + 11g2g6g7
+51g32g8 + 90g2g6g8 + 86g7g9 + 68g8g9 + 20g7g10 + 37g8g10 + 55g2g5g12
+66g12g13 + 49g2g5g14 + 51g11g14〉
Note that the first 8 lines here reproduce the description of the quotiented ambient space that
we obtained in (E.3). The remaining generator describes the Calabi-Yau as a hypersurface
within this ambient space.
71
Let us now examine this description of the downstairs manifold and observe the fibration
structure and the nature of the fibers over the fixed points in the base. We begin by describing
the fibration itself in this language.
The projection map for the fibration is given by
g4 → 0 , g3 → 0 , g5 → 0 , g11 → 0 , g12 → 0 , (E.9)
g14 → 0 , g13 → 0 , g1 → 0 , g7 → 0 , g8 → 0
Taking the image of the entire manifold under this map we obtain the following defining relation
for the base
g36 − g9g10 = 0 (E.10)
in the weighted coordinates (g2 : g6 : g9 : g10) ∼ (λ2g2 : λ22g6 : λ32g9 : λ32g10). By studying the
nature of the gauge invariant operators (GIOs) g2 = y0, g6 = y1y2, g9 = y31 and g10 = y32 we can
see that this description of the base is simply the description of P2/Z3 that would be obtained
by using the same formalism that we have employed above to describe the quotient of the total
space. This 2-dimensional base clearly has orbifold singularities thanks to the non-homogeneous
scalings.
Perhaps the easiest orbifold fixed point to see explicitly corresponds to (y0 : y1 : y2) =
(0, 0, 1), or (g2 : g6 : g9 : g10) = (0 : 0 : 0 : 1) in the current description (note if you set these g’s
to zero, the ideal (E.8) then implies that g4 = g11 = g12 = 0 also). If one perturbs slightly away
from this point and makes g2, g6 and g9 slightly non-zero then we see that we identify three
sets of homogeneous coordinates with the scaling while leaving g10 unchanged (by taking λ2 to
be a third root of unity). As we take g2, g6 and g9 back to zero these three identified points
coalesce - giving us a triple fixed point. Note that, in performing this analysis, we have simply
swapped the use of the symmetry and two scalings to see fixed points and multiple fibers (as
employed in the upstairs picture) for just two scalings (at the price of those scalings becoming
inhomogeneous).
What does the fibre look like over such a singular point in the base? We can see from the
above analysis that we have three identified fibers coalescing at this one point - and thus in
that sense we have a triple fiber. Algebraically we can find an expression for the fiber by simply
substituting the values (g2 : g6 : g9 : g10) = (0 : 0 : 0 : 1) into the ideal (E.8). Upon doing this
and performing some trivial algebra, we arrive at the following description of the fibre in terms
of the coordinates g1, g3 and g14.
38g31 + 37g
3
14 + 100g1g14g3 + 20g
3
3 (E.11)
Notice from (E.4) that all three of these variables scale linearly with λ1. Thus the fiber is
described by a cubic in P2 and is manifestly an elliptic curve as expected (a more careful
analysis of (E.1) shows that this P2 is identical to the first P2 in the original description and in
particular therefore has the correct Stanley Reisner ideal). Notice also that the ideal describing
the fiber over the singular point is primary and thus the fiber is irreducible. The “triple” nature
of the fiber can only be seen by the argument of the proceeding paragraphs. A straightforward
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and standard analysis shows that this elliptic curve is smooth everywhere. This is as expected,
as in these examples the orbifold singularities in the ambient space miss the Calabi-Yau.
A similar analysis to that presented above can also be carried out when we tune the complex
structure of the manifold to a singular point where we regain a section to the fibration. This
could be done, for example by setting all of the coefficients of x32 in (E.5) to zero. We then find
the following description for the fiber over a fixed point in the base, replacing (E.11).
38g31 + 100g3g14g1 + 20g
3
3 = 0 (E.12)
This fiber is singular at the point g1 = g3 = 0, which is not unexpected as the Calabi-Yau
is singular after such a tuning of complex structure. Note, however, that the fiber is still not
singular everywhere and thus the multiple nature of the fiber over the orbifold fixed point can
only be seen by considering the action of the scalings, even in this limit.
To add a final insight into this somewhat convoluted description of the multiple fiber, it
should be noted that we could perform the analysis above for the standard Enriques quotient of
K3. In a close analogy to the bi-cubic, consider a K3 surface defined as a {2, 2, 2} hypersurface
in a P1 × P1 × P1 ambient space. Then the toric Z2 action, xi → (−1)ixi, in each ambient
P1 yields a smooth surface with a non-trivial, finite first fundamental group. In addition, the
Atiyah-Singer index of the resulting quotiented surface is Ind(K3/Z2) = 1. Hence the quotient
produces an Enriques surface. Repeating the analysis above provides an identical description
of the well-known two multiple fibers of the Enriques surface [20] realized by Z2 scalings as
above.
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